A GRAPH THEORETIC APPROACH TO CAD FOR THE ANALYSIS

OF PLANAR MECHANISMS

Kar-Tai Hong and Sherman Y. T. Lang

Department o f Manufacturing Engineering, City University of Hong Kong

83 T at Chee Avenue, Ko wloon T ong, Ko wloon, Hong Kong

E mail : ( mekthong, melang)@cityu.edu. hk, Fax : 2788 8423

ABSTRACT

One of the main goals of multibod yd ynamics research is to develop for mulations that automatically derive the equatio ns of motions for co mplex mechanical systems. Eq uations of motion are for mulated systematically and then solved numerically. T his paper studies analytic methods for for mulating the equation of motions, with emphasis o n the graph theoretic modelling approach. T he graph theoretic approach is proposed for modelling and analysis o f planar mechanical systems. T he develop ment o f the

CAD system incorporating graph theoretic models wo uld be used for mechanical analysis. A graphical user interface will be used to capture the design and to display the solutions o f the d ynamic and kinematic co mputations. T hrougho ut the analysis, the CAD tool ( PMech) would be useful for relieving the engineer ´s task of doing the calculations by hand, the result of kinematic and d ynamic analysis of the different prototypes constitutes the graphical display of the mechanism, enhancing the engineer ´s understanding of the mechanical behavio ur under consideration.

Keywords : CAD, co mp uter graphics, constraint motion, graph theor y, simulation.

1. INTRODUCTION

Planar mechanical systems are systems in which translatio n occurs only in two dimensio ns. T hey typicallyinclude linkages, rigid bodies, joints, springs, dampers and external influences. An grap h theoretic approach can be used for modeling and analysis o f planar mechanical systems. T he graph theoretic approach brings generality and allo ws a systematic techniq ue for analysis and design to be developed. Planar systems as a class of mechanism are of interest for a number of reasons:

· Pedagogical . Planar systems are easier to visualize and hence to understand.

· Simpler representation of bodies . In motion restricted to planar translation and rotation about the perpendicular axis, the positio n of a bodycan be represented b ythree variables

( x , y,q).

· Treatment of angular orientation . For planar systems, rotation is a vector, while in spatial systems, rotation is not a vector quantity. T his means that spatial systems must use angular velocityor acceleration which are vector

quantities or use a different representatio n of angular orientatio n, such as Euler angles.

T he treatment of linear systems using graph theoretic modelling is well developed and textbooks on the subject are available [Chen96, Koeni67].

Planar systems or subsystems are encountered often enough in practical applications to warrant special treatment as a separate class, just as one dimensional motion can be studied separatelyas theyare usuallylinear systems, and can be studied in the Laplace domain. Planar systems are given separate treatment b yseveral authors [Nikra88,

Roger75] in textbooks and research papers

2. GRAPH THEORETIC MODELS

In order to applyfor mal graph theoretic methods to a multibodysystem [Koeni67], the concept is to for ma linear graph that describes the system, or encapsulates the system topology. T he for mation of the system graph is acco mplished byidentifying the significant points in the physical system, and representing themb ythe vertices (or nodes) of a graph. For mechanical system, these vertices wo uld correspond to centres of mass for rigid bodies, points on a bodyto which forces are applied or joints are connected, and a ground that represents the origin of an inertial reference frame.

T he graph theoretic model of a co mpo nent is the ter minal representatio n that consists of a ter minal graph (or edge) and a set of ter minal equatio ns that relate the co mplementar y variables of the component measured at the component ter minals.

T here are two generic types of variables: across:

variables and through: variables. In the translational subspace the across variables are displacements, velocities and accelerations, while force is the through variable. In rotation, angular displacements, velocities and accelerations are the across variables, while torque is the through variable.

T he graph theoretic approach implies that the for mulation process involves the for matio n of a systemgraph that represents the actual mechanisms the engineer is tr ying to analyse . A systemgraph generally consists of a translatio nal graph and a rotational graph. For examp le, a slider-crank mechanismo f Figure 1 is represented b ya

translatio nal grap h of Figure 2. T hereafter, all the for mulations techniq ues developed are based on the derived system graph accordingly. While for mulation o f the mechanism using the direct description of the structure will continue to be ver y important, the research effort described in this paper discusses the use of the graph theoretic method for for mulating the equations o f motio ns of the planar physical system. For mulatio n methods can be applied to reduce the number of equations that need to be solved simultaneously.

For complex mechanical systems, this generally involves the numerical integration of a set o f second order differential-algebraic equatio ns. While explicit for ms may be possible in so me instances, it maynot be practical to obtain them. T he equatio ns to be solved have additional characteristics o f being stiff, nonlinear, and implicit.

T he topologyof a graph is described b ythe various matrices associated with that graph, and the topologyo f a graph has two postulates associated, theyare kno wn as the Vertex and Circuit Postulates.

T he Vertex Postulate means that the sumo f the through variables associated with the edges incident away fro m any vertex in a system graph is equal to the sumo f the through variables associated with the edges incident to wards that vertex. T he vertex postulate is analogo us to the Kirchoff Current Law in the Electrical Engineering do main.

T he Circuit Postulate means that the sum of across variables associated with the edges that are in any circuit and that have the assigned circuit orientation is equal to the sum of the across variables associated with the edges that are in the circuit and have the opposite orientation. T he Circuit Postulate is analogous to Kircho ff Voltages Law. T he Vertex

Postulate implies a set of force balanced equations:

A

&

F = 0 , the vertex equation (1)

where A is the incidence matrix o f the system

graph, and F

&

is a vector of through variables. Since

the fundamental cutset matrix of the system graph

carries the vertex postulate infor matio n, the

follo wing equation is valid and is kno wn as the

fundamental cutset equatio n:

Q F

f

0

&

= (2)

T he f- cutset matrix is denoted by Q

f

.

Further more, b ypartitioning the set o f through

variables into tree

&

F

t and cotree

&

F

c forces, one can

use the cutset equatio ns to relate the t wo:

U Q

&

&

F

F t

c

�

!

"

$

#

# = 0 (3)

Figure 1: T he slider crank mechanism

Figure 2: Systemgraph of the slider crank

mechanism y

x q 1

F(t)

M

M

h h

h

M r r r

r 1

2

3

4

5

6

7

8

9

1 0

F

1 1

r

1 2 ( t r a n s l a t i o n a l j o i n t )

& &

F F

t c

= - Q (4)

also

& &

F F

c c

= U (5)

Writing these two equations to gether:

&

&

& F

F

F t

c c

�

!

"

$

#

# =

-

�

!

"

$

# Q

U

(6)

or

&

&

& F

F

F t

c

T

c

�

!

"

$

#

# =

�

!

"

$

#

#

B

U

(7)

& &

F F = B

f

T

c

(8)

T he chord transfor mation matrix is the transpose

of the circuit matrix. Equatio n (8) is kno wn as the

^chord transformations ~. As the terminal equations

alone are insufficient in number to determine the

time response of a given mechanical system, the

topological equations representing the connectivity

of the systemco mpo nents are required. T he cutset

equation (4) represents a set of linearlyindependent

equations, one for each of the branches. Hence the

derivation of the chord transfor mation begins b ythe

use of the cutset equation.

Similarly, the circuit postulate implies a set of

equations relating the across variables. Fro mthe fact

that the fundamental circuit matrix carries exact

infor mation about the circuit postulate and equation

(5) is kno wn as the fundamental circuit equation:

B

f

0

&

R = (9)

where B

f is the circuit matrix, and R

&

is a vector of

across variables. T he circuit matrix carries

infor mation about a vector loop equation during the

existence of a mechanical joint (a revolute joint),

hence the equatio n for ms the relevant constrained

equations for the case o f constrained mechanical

systemtypically enco untered in the problem

domain. T he circuit equatio ns represent a set of

linearlyindependent equations, one for each chord

in the cotree. Hence similar to the chord

transformations, a set of ^branch transformation~

equations can be obtained bypartitio ning the circuit

equations. Fro m which we can wr ite:

B U

&

&

R

R t

c

�

!

"

$

#

# = 0 (10)

& &

R R

c t

= - B (11)

T hus, one only needs to determine a set of across

variables in a tree in (11), a set of through variables

in the cotree in (4), and the rest can be co mputed

fro mthe derived transfor mation equatio ns. T he

method considered has a conventio n that force

drivers will be placed in the cotrees. B yfurther

appending the circuit equation (11), we can

summarize the branch transformation as :

&

&

& R

R

R t

c t

�

!

"

$

#

# =

-

�

!

"

$

# U

B

(12)

or

&

&

& R

R

R t

c

T t

�

!

"

$

#

# =

�

!

"

$

#

#

U

Q

(13)

& &

R R = Q

f

T

t

(14)

3. SYSTEMATIC FORMULATIONS

OF MOTION EQUATIONS

T o formulate d ynamic equations for the mechanical

system, the grap h theoretic method requires several

steps to be completed. T he first step is the

generatio n of the cutset equatio ns fro mthe graphs

[McPhe97]. For a mechanical system containing

closed kinematic chains, the circuit equations are

used. T he branch and chord transfor matio ns is the

next step of the procedure to eliminate any variables.

Assuming that all the constraints are holono mic, the

second and the third step results in a set of nonlinear

algebraic equations, representing the kinematic

structure of a constrained mechanical system:

)

O q

T (16) where M is a symmetric positive-definite mass matrix and g contains exter nal loads and the weight of the rigid bodies, should the gravityfactor is considered together,

O (t) is the Lagrange multiplier

representing the joint reaction force for a

constrained planar mechanical system.

4. THE CAD SYSTEM FOR ANALYSIS

A co mpo nent palette o f Figure 3 is provided for the

selection of co mpo nents and ease of description of

the mechanisms that the designer mayhave in his

mind. When the system solutions are evaluated

successfully, the solutions would be used b ythe

CAD system to visualize the system d ynamics. An

example o f a spring-suspended pendulumplatfor m

is sho wn in Figure 3. T he user inter face is modelled

after 2D CAD systems co mmonlyused in

mechanical design. A palette predefined types of

components is provided to allo wthe user to create

individ ual instances. T he user also specifies the

interconnection between co mponents. T he

component data and the topology is captured bythe

interface for use b ysub sequent analysis stages. A

CAD like interface is used to facilitate description of

the system being designed bythe user to the analysis

program. T he usr of a CAD like interface allo ws a

user to specify geo metr yin conjunctio n with

topology. T his is in contrast to design of electrical

systems where design can be done at the functio nal

level largelyindependent o f the geo metr y of the

components and system. A CAD like interface also

provides a more intuitive design interface for

mechanical design due to similarity to other

mechanical CAD systems.

In the displayof simulation results, the users

should have co ntrol of ho w the results are displayed

(e.g. the frame rate, integration time step), and what

components or nodes are selected for inclusion. A

graphical user interface is used to capture the design

and to displayresults of simulation. Device may be

attached to particular co mponents to displayplots of

the solutions or tables of results.

5. ANALYSIS OF SYSTEMS

DYNAMICS

T he cutset, circuit, and ter minal equatio ns together

constitute a necessar yand sufficient set of equatio ns

for representing the motio n of a mechanical system.

Due to its systematic nature, the for mulatio n was

encoded into a sequence of Maple procedures. One

advantage of using a co mmercial symbolic package

is that the velocityand acceleration equatio ns can be

directlyobtained b ysymbolically differentiating the

constraint equations with respect to time; this greatly

reduces the amo unt of programming effort required

[McPhe97].

For a constrained mechanical system with m

independent constraints. Equatio n (17) is used for

position analysis of anyplanar mechanical system.

) = 0 (17)

where ) is a set of no nlinear algebraic equations for

the constrained system [Nikra88]. After perfor ming

the first and seco nd time derivative o f ) , we obtain

Figure 3: T he CAD inter face for visualization

the velocity and acceleration constraint of the system:

) q

�q = 0 (18)

)

J

q

� � q - = 0 (19)

where

�q and � �q is the generalized velocities and accelerations of the system respectively. T he

Lagrange ´s equations of motion for a constrained systemsho uld be assembled into this for m:

M q g � � - = ) O q

T (20)

T he initial co nditions for the equations o f motio n at time t = t

0

are specified as in equation (21). T he initial position q

0

and velocity �q

0

must be consistent with systemco nstraints. T he initial positions and velocities can be selected as functions of design variables to generate the desired d ynamic response for an optimal design problem. For constrained mechanical systems, equatio ns (15) - (17) must be considered together as the system equations o f mo tion. Follo wing the graph theoretic approach, the projected cutset and circuit equations sho uld be assembled into the standard matrix for m of equations o f motio ns of (22).

q t q q t q

( )

� ( ) �

0 0

0 0

=

=

(

J

q

T q

0

� �

(22)

T he Jacobian matrix ) q

is a functio n of q , and vectors g and J are functio ns of q , �q , and t .

T herefore, at anygiven instant, if q and �q are kno wn, the equatio n provides the set of DAE for the unkno wns � �q and O that can be solved for. A number of methods have been developed in the literature to solve a set of mixed Differential-Algebraic

Equations (DAE). T he performance of various other approaches such as the back ward difference for mulas, generalized coordinate partitioning, constraint stabilizatio n method wo uld be further investigated.

A simple direct integration scheme has been developed in this project, where the position and velocityvariables are appended together as a vector in a state space for m:

y

q q

=

�

!

"

$

#

�

(23)

T he velocityand acceleration vectors are represented in the vector:

�

�

� �

y

q q

=

�

!

"

$

#

(24)

At time t t n

= , the vector �y i

can be integrated numerically to obtain y i + 1

, where t t t i i +

= +

1

D .

An example system has been analysed. A planar view of the system in Figure 4 is connected to ground b yits bodies 2 and 5 at joint A and E respectively. T he mass and mo ment of inertia o f each bodyis 0.6 and 0.1 respectively. T here is a spring element with parameters k = 60, l

0

= 7. When the angle of the leg of body2 and 5 with the horizontal is 110 ° , the system is released fro mrest.

Kinematic analysis is perfor med for the initial conditions for q and �q . T he displacement solution of the x coordinate of the bod y3 of the systemin

Figure 5 provides the infor matio n concerning the mo tion of the planar systemover time. T he spring is arranged in a waythat it lightlyp ushes the system to the left initially, as it is slightly co mpressed when the system is released. T he displacement solutio n in

Figure 5 sho ws that it conforms to the expected behaviour in waythat the x value is decreasing, indicating the str ucture is rotating to the left.

6. CONCLUSION

T he computer implementation of the project contains two aspects. T he formulatio ns were successfullyencoded into a sequence o f the

Waterloo Maple V procedure, and the numerical results have been carefully evaluated so as to verify its robust operation and the validation o f the for mulation methods. Algorithms have been devised to obtain the constrained algebraic equatio ns directly fro mthe system grap h and they are subsequently adopted for the construction of the DAE for further integration process.

A second co mp uter implementation was developed, using an object-oriented programming language (C++), and the resulting so ftware ( PMech, for planar mechanical systems analysis) is designed to run on an Apple Macintosh co mputer with release

8.0 of the Macintosh Operating System. One interesting feature of this software is the develop ment o f a co mputer interface for direct manipulatio n of selectable mechanical co mponents.

T he computer interface wo uld be suitable for multibod ysystem design, and the visualizatio n of mo tion behaviour of the system under analysis. T he develop ment o f the CAD interface makes use of the several thousands APIs, which are defined b ythe original co mp uter manufacturer and offered b yother commercial high-level language co mpilatio n system

( CodeWarrior Pro 2.1) used in the project.

Figure 4: A planar mechanism

Figure 5: T he displacement x 3 of planar system

ACKNOWLEDGEMENTS

T he first author is grateful for the financial support bythe CityUniversity of Ho ng Ko ng, Dr. Sher man

Lang for his guidance and original ideas. Maxim

Makatchev and Flora Lam of Apple Co mp uter for their assistance and helpful discussion.

REFERENCE

[Apple92] Apple Co mputer Inc., Inside Macintosh ,

25 volumes set, Addison-Wesley, 1992.

[Chen96] Chen, W.K . Graph Theory and its

Engineering Application , World Scientific, 1996.

[Chou87] Chou, Jack C. K.; Baciu, George ;

Kesavan, H. K. ^Computational Scheme for

Simulating Robot Manipulators", Proceedings -

1987 IEEE International Conference on

Robotics and Automation, Raleigh , NC, USA,

Mar 31-Apr 3, 1987, p. 961-966.

[Jenne84] Jenness, J. D. and Andrews, G. C.

"Graphic Simulation of Planar Dynamic

Mechanisms", Computers and Graphics , Vol. 8,

N. 4, 1984, p. 411-421.

[Kesav95a] Kesavan, H. K. and Baciu, G. ^Graphtheoretic Modeling o f particle-mass and constrained rigid body systems ~, Mechanism and

Machine Theory , Vol.30, No.7, 1995, p. 953-

967.

[Kesav95b] Kesavan, H. K. and Lang, Sher man Y.

T. ^Graph Theoretic Modelling for Dynamics and Kinematics of Planar Mechanical Systems ~,

Department o f System Design Engineering,

University of Waterloo, 1987.

[Koenig67] Koenig, H. E., T okad, Y., and Kesavan,

H.K. Analysis of Discrete Physical Systems,

McGraw-Hill, 1967.

[Lipp m91] Lipp man, Stanley, B. C++ Primer, 2nd

Edition , AT & T Bell Laboratories, Addison

Wesley, 1991.

[Liu93] Liu, T. S., Chou, C.C. ^Type Synthesis of

Vehicle Planar Suspension Mechanism Using

Graph Theory ~, Transactions of the ASME

Journal of Engineering for Industry , Department of Mechanical Engineering, Natio nal Chiao

T ung Univer sity, Vol.115, September, 1993, p.

652-657.

[McPhe97] McPhee , John. ^Automatic Generation of Motion Equations for Planar Mechanical

Systems, Using the new set of ^Branch

Coordinates ~ ~, Department of Systems Design

Engineering, University of Waterloo, Ontario,

Canada, accepted for publication in Mechanism and Machine Theory , 1997.

[Nakam93] Nakamura, Shoichiro . Applied

Numerical Methods in C , Ohio State University,

Prentice Hall, 1993.

[Nikra88] Nikravesh, P. E. Computer-Aided

Analysis of Mechanical Systems, Prentice-Hall,

1988.

[Paul79] Paul, B. Kinematics and Dynamics of

Planar Machinery , Prentice-Hall, 1979.

[Richa93] Richard, M. J., Bouazara, M., Cheng, L.,

Rakheja, S. ^Influence of suspension parameters on the response o f a vehicle using the vector network method ~, Proceedings of the 1993

ASME Winter Annual Meeting , NewOrleans,

LA, USA, 1993, p. 59-64.

[Roger75] Rogers, R. J., Andrews, G. C.

^Simulating Planar Systems using a Simplified

Vector-Network Method ~, Mechanism and

Machine Theory , Vol.10, 1975, p. 509-519.

[Rumba91] Rumbaugh , James. Object-Oriented

Modeling and Design , General Electric Research and Developer Centre, Schenectad y, New York,

Prentice-Hall, Inc., 1991.

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

.1e-1,

.14,.27,.40,.53,.66,.79,.92,1.05,

1.18,

1.31,

1.44,

Displacement of x3 of body 3

x3 (m)

Time (s)

1 1 0

A

B

C

D

( 3 )

( 2 )

( 4 )

- 2 . 0

E

( 5 ) o

2 . 0