Boolean representation of general planar polygons

F. R. Feito, M. Rivero, A. Rueda

Departamento de Informática

Universidad de J aén

23071-J AEN

Spain

{ffeito,mrivero,ajrueda}@ujaen.es http://www.ujaen.es

ABSTRACT

There are manyapplications of the geometric modelling in which it is necessaryto accomplis h decompositionsof thegeom etric objects that intervene in the model, to facilitate the analysis and design of the algorithms implicated in the resolution of particular problems. Triangulations, trapezoidations, convex decompos ition s and BSP (binaryspace partitioning trees) are some of the methods used for the polygo n representation. In this work we present a new type of decomposition, based on triangles, valid for close d polygo ns, manifold and non-manifold, with or without holes. The structure as, well as the necessar y algorithmsforthecalculationof therepresentation,i s easyto implement. The resulting formula can be seen as a particular case of CSG representation of polygons, in which the primitives are triangles.

Keywords : polygons, Boolean expresions, decomposition of polygons, triangles, CSG

INTRODUCTION

In manyof the applications of the geometric modelling we need to decompose the geometric objects tha t Th e presented structure avoids the calculation an d int ervene in the representation of the model. So i t processing of other geometric elements (triangles , facilitates the analysis and design of the algorithm s trapez oids or convex parts) as well as the need t o impl icated in the resolution of particular problems . calc ulate. The triangles that intervene are determine d

Triangulations,trapezoida tions, convex decompositions directlybythe B-rep of the polygon.

and binaryspace partitioning trees, are some of th e methodsusedforthepolygonrepresentation . In [Du95], In this work we present the process in which th e

[Dobki88], [Prepa88], [O´Rou94] and [Thiba87] som e p olygond ecomposition is based and the algorithmfor of t he decomposition methods are presented an d the obtainment of such decompositions is detailed.

bibliographyof themisgive n. In this work we present a newm odel for the closed polygon decomposition (with For the obtainment of the decomposition we conside r or w ithout holes, manifold and non-manifold).Th e the B-r ep of the polygon and we suppose that th e s tructu re, as well as the necessaryalgorithms for th e min imal bounding box (MBBOX) of the polygon i s calcu lation of the representation, is easyto implement . calc ulated. Throughout all the work we will suppos e

Theaccomplisheddecompositionisverysuitable for the that the origin of coordinates coincides with the lef t calculation of some properties of the polygons, such as inferior corner of the MBBOX.

the are a, as well as for the resolution of test inclusio n andray-tracingalgorithms.Theresultingform ula can be s een a s a particular case of CSG representation o f polygons in which the primitives are triangles.

Taking into account that a B-rep model of polyhedrons perm it us to establish a relationship among triangle s isdeterminedbyitsboundaryandthatt his is formed by that haveavertexincommon.Wewillsuppose thatth e polygons,thedecompositionthat we present would also p olygonisdeterminedbyitsvertic es and edges, sorted

be applied to modelling in 3D, being one of the fields in which we are working currently[Feito98a].

FUNDAMENTAL DEFINITIONS

We will give in this section the definitions that wil l

sign ( t )

� 1 if x

1 y

2

® v

@ (t=s )or(if t

g s ,

}

�

� (0,1)

® u ; u ® v ; t ® w ; t ® s ; v ® w

Figure 3

We can studythe subordination of two origina l anti symmetric (consequence of the previous lemma) ,

triangles t = OP P and s = OQ Q evaluatingtherelativ e

1 2 1 2

position of thevertices P a nd P of t with respect to s .

1 2

We have three possibilities:

· P and P are both within s. In this case there is

1 2

subordination of t to s .

· O nly one of the points P and P is in t . In thi s

1 2

case there is also subordination of t to s .

· P and P are both outside s. In this case there is

1 2

subordination of t to s ifthesegment P P intersect s

1 2

the original edges of s .

U singtheprevioust ests it is veryeasyto determine if

one t riangle is subordinated to another. Note that a

point Q belongs to a triangle OP P if the triangle s

1 2

QP P , QP O and QOP havethesame sig n [Feito97].

1 2 2 1

Now, we will give a lemma to be used later.

L emma 1. Let t and s be two original triangles whose

n onoriginaledgesareintersectedea ch other at least in

a vertex. If t ® s , everysemiline, starting in the origin

a ndcutti ng the non original edges of the two triangles

i npointsdifferentfromthevertices,firstintersets t a nd

then s .

Proof:

Let r be a semiline that starts in the origin an d

i ntersectsthenonoriginaledgesof t and s in Q and

Q’ , respectively. If t

® s , the point Q will b e nec essarily interior to s and so Q will be closer t o the origin than Q´ (Fig. 3).

b

The r elation of subordination introduced in th e

def inition 3 is reflexive (bydefinition) an d though it is not transitive as can be easilyverified: th e

triangles t , u and v of figure 2 verifythat t ® u , u ® v an d

however t is not subordinated to v .

W earegoingtogeneralizethepreviousdefini tion to get

a re lation that fulfils the transitive propertyin order t o

o btainanorderrelation.Itwillbem ade bymeans of the

next definition.

D ef inition 4. Let P={ t |i=1,..,n } be a set o f

i

s ubordinatedoriginaltriangleswhosenonoriginaledge s

i ntersecteachotherat least in a vertex. We will saythat

t issmallerorequalto t ( t

� t )i f a subset of P, P’= { s , j k j k 1 s , ..., s } exists with s = t , s = t , and being s ® s ,

2 m 1 j m k l l+1

~ l, 1 � l � m-1.

W earegoingt o prove that relation fulfils the reflexive,

t ransitiveandantisymmetricpropertie s, and so it will be

an order relation (a partial order)..

Theorem 1 . In a set of original triangles P={ t |i=1,..,n

i

} ,whosenonoriginaledgesintersecteac h other at least

i naver tex, the relation introduced in the definition 4 is

an order relation.

Proof:

It will be necessaryto prove the reflexive ,

antisymmetric and transitive properties.

F irst,wearegoingtodemonstratethatt he relation is

ref lexiv e: Let t be a triangle of P. Since ever y

j

triangle is subordinated to itself, the subset P’={ t }

j

verif ie s the definition 4, therefore t � t ,and th e

j j

relation is reflexive.

N ow, we will prove the transitive property. W e

s upp ose that t � t and that t � t . For the firs t

i j j k

relation itexistsasubsetP’={ t s ,..., t s } and for the

i= 1 j = m

s ec ond relation it exists a subset P’’={ t u ,.., t u } .

j = 1 k = q

The subset P’’’={ s ,.., s , u ,..., t } clearlyverifies th e

1 m 1 k

c onditionsdemandedi n the definition, therefore t �

i

t .

k

F inal ly, we will prove the antisymmetric property .

W esupposethatthe re are two triangles s and t of P,

s uch that s

� t and t � s. This implies that two subset s of P, P’={ s=s ,..., t=s } and P’’={ t=t ,.., s=t } exist ,

1 m 1 q such that:

s = s ® ... ® s = t and t=t ® ... ® t = s

1 m 1 q

So the subset P’’’={ s=s ,..., s , t ,..., t =s } determines

1 m 1 q a cycle for s.

Taking into accountthatacycleexists,itisnecessar y to have an approximation of the non original edge s

Figure 4

of triangles of P’’’ toward the origin. As th e In the next section we are going to applythe results triangles mustbemaintainedwithintheMBBOXo f indicated above to obtain the polygon representation.

P, it is necessaryto have a slope change in tw o cons e cutive triangles of P’’’, u and u , fro m h h+1 positive to negative,if thecycleisontheleft((2)i n

F ig.4)orfromnegativetopositiveif thecyc le is on t heright((1)inFig.4),so some of themwill not be I nt his section we will see how the previous definitions s ubor dinated to anyother triangle, and thi s can be applied in the polygon representation.

contradicts the relation determined in P’’’. b

In Fig.5. we can observe an example in which th e a ntisymmetricpropertyi s not verified, if we choose as the o rigin of coordinates the gravitycenter of th e polygon shown. Everytriangle is subordinated to th e n ext,formingacycle.In this case, the defined relation is not an order relation. Because of this, w e de compose the polygons, selecting the left inferio r vertex oftheMBBOXas originofcoordintates,thoug h other singular points can be found as origin o f coor dinates. For example, we could choose an y exterior point to the MBBOX.

POLYGON REPRESENTATION

T hefundamentalpropertytobeappliedisthefollowin g:

from the previous order relation we can associate a s truc ture of network ([Feito98b]) to each polygon. W e introduce the next definitions:

Definition 5. (index). Let P be a polygon and { t | i i=1,. .,n } the associated set of original triangles. W e def i ne the index of t (ind( t )) as the depth level in th e i i n etworkdeterminedbytheo rdered set of triangles of P, e xpressedfrombiggertosmaller,andsupposingthat the maximal elementshavevalue1(ifanelement isminima l and max imal at the same time, as it occurs with th e t rianglesthatarenotsubordinatedtoanyother,these are of index 1).

Definition 6. (cap). Let P be a polygon and { t | i i=1 ,...,n} the associated set of original triangles. W e define the cap k of the polygon as the set of origina l triangles of index k.

B yme ans of these definitions, we will prove that every polygo n can be defined as a set of boolean operation s accomplished bycaps.

F irs t of all we will demonstrate that, according to th e previous definitions, all the triangles with index 1, o r o ddindex,havepositivesignan d those with even index have negative sign.

Lemma 2 . Let P be a polygon and { t |i=1,..,n} th e i a ssociatedsetof originaltr iangles. Then, if the index of t is odd, sign( t )>0 and if indice of t is even , i i i sign( t )<0.

i

Proof:

Byinduction.

Let t be a triangle of index 1. Thus t i s i i n otsubordinatedtoanyotheroriginaltriangleands o, every semiline, that starts fromthe origin an d inters ec ts the non original edge of t will no t i, intersect anotheredgeofPlater.Thisimpliesthatth e intersection of this semiline with the non origina l edge of t indicatesatransitionfromi nside to outside i

P, and so t is positive.

i

Figure 6

We suppose that t is of index k (k>1). So it wil l calculate the possible subordinations and then the caps.

j exist anoriginaltriangle t ,withindexk-1,s uch as Fig.6showsadecompositionobtainedbyimple menting i t ® t ; everysemiline starting fromthe origin an d the proposeddecompositiontheorem,appliedto asimpl e j i i n tersecting the non original edges of t and t , first polygon.

j i inte rsects t and then to t ,without anyintersectio n The process of calculating subordinations is simple , j i w ithotheredgesbetweenthem;so, the intersection ther efore it is the calculation of the associate d of the semiline with t implies a transition fro m representation.

j outside to inside and so t is negative.

j

Similarly, if t is negative, t must be positive. b i j

Th e next theorempermits us to establish, for an y polyg on, a boolean expression of original triangles , e achoneof themappearingonlyonce. For this reason, we are going to build the solid fromits caps, fro m outs ide toward the origin, using regularized boolea n operations [Requi78].

T heorem2 .LetPbeap olygon of edges {e , e , .., e }

1 2 n and{t |i=1,..,n}theassociatedsetof originaltriangles .

i

Then, the polygon P can be expressed as:

P=(((C - C )

F C )- C ).. F C )- C ))) (2)

1 2 3 4 2*m-1 2*m

* * * * *

Where C = F { t |ind( t )=i} , and 2·mthe greater index.

i j j

Proof:

We will prove the double inclusion between th e

s e ts determined bythe member of eq. 2. Bein g

regularized operations, it will be enough to prov e

the inclusions only for the points of the interior of

each one of the sets.

Let Q be a point of the interior of P. If we trace a

s emilinestartingfromthe origin, passing by Q and

d irectedtotheinfinite,itw ill exist a first triangle t

j

that wil l be intersected after Q. Being Q a poin t

interior toP, t willbepositiveandth erefore of odd

j

index k. So, the point Q will be in the positiv e

triangl e t and not in anyof its subordinate d

j

triangles; therefore Q will be in the cap C , with k

k

od d, and not belong to anysuperior cap of eve n

i ndex,andthereforeitwillbe in the set determined

bythe second member.

If Q belongs to the set indicated in the secon d

m emberof eq.2,thentherewillbeanoddva lue k,

such as Q is in the cap k, C , andnot in anothe r

k

superior cap. So, it must exist a positive triangle t

i

of i ndex k such as Q belongs to t and not to an y

i

n egativetr iangle of superior index. Therefore Q is

in P. b

B eingregularizedoperations,itisnotnecessaryfo r the

de generated triangles (determined bycolineal edge s

with t he origin) to intervene in the formula. T o

generate this,itisenoughtoapplythetheorem: firstw e

It is evident, fromthe method followed to obtain th e

f orm ula, that each positive triangle appears onlyonce .

S i nce the number of positive triangles is finite, th e

proce ss is finite and the formula is obtained in finit e

time.

The co mplexityto calculate all the subordinations i s

O(n ), where n isthenumberof vertexof th e polygon P: 2

in the worst case, it is neccesaryto studythe relatio n

among each pair of triangles.

By means of the technique called ^sweep line~

[Prepa88], applied circularly, it is posible to reduce the

co mplexity of the caps calculation to O(nlogn )

([Feito98b]).

A ll t he development is also valid for closed polygon s

with holes and for non manifold polygons. Propertie s

encludingthistypeof polygonshasnotbeenusedint he

previous demonstrations.

In the c ase of polygons with holes, the edges of thei r

bou ndary are defined in clockwise order. Th e

s u bordination corresponding to original triangles ,

as s oc iated with exterior boundaryand the boundaryo f

Figure 7

Figure 8 h oles,mustbestudied,obtain ing a boolean expression

t hatintegrateseachtr iangle in its caps, such as we can

observe in Fig.7. Anewbooleanrepresentationforpolygonsisp resented.

Fig.8. shows a descomposition obtained b y Representation of a Simple Polygon, Compute r

i mplementingthedecompos ition theorem, applied to a Graphics , Vol. 22, No.4, 1988

non-manifold closed polygon. Feito,F, Torres,J , Ureña,A: Orientation, simplicityand

CONCLUSIONS AND FUTURE WORKS

Themodelisvalidforgeneralpolygons:withorwi thout

holes , manifold and nonmanifold. The method for th e

pol ygon decomposition avoids the calculation of ne w

geometric elements as well as intersection calculation.

The advantage of this method is the simplicityof th e

algorithmsthatintervene,aswell as of the elements that

f orm the decomposition, and the possibilityo f

expressinganygeneralpolygon as a boolean expression

of simple primitives..

Theobtainedformulacanbeseenas a particular case of

CSGrepresentationof polygons,in which the primitive

used are triangles.

Futureworkswillbeorientedt o enhance the preprocess

(subordination and index calculation), searching mor e

adequ ate data structure, and to the dinamization of th e

dec omposition process. Also, we are working in th e

extension of the model to high dimensions.

REFERENCES

Du,D, Hwang,F: Computing in Euclidean Geometry 2ª

ed. World Scientific, 1955

Dobkin,D, Guibas,L, Hershberger,J , Snoeyink,J : A n

Ef ficient Algorithmfor Finding de CS G

inc lusion test for planar polygons ,

Com puter&Graphics . Vol.19, No. 4, pp. 595-600 ,

1975

Feito,F, Torres,J : Test Inclusion for General Polyhedra

Computer&Graphics , Vol.21, No.1,pp.23-30,1997

Feito,F, Segura,R, Torres, C: Representing polyhedral

solidsbysimplicialc overings, CSG´98 . Ammerdon,

2-3,Abril, Ed. Information Geometers 1998..

Feito,F,Rivero,M:Cálculodesubordina ciones, Dept. de

Informática. Universidad de J aén, 1998.

Kuratowski, K: Introductionto SetTheoryandTopolog y

2ª ed. Pergamon Press, 1972.

O’Rourque, J: ComputationalGeometryinC ,Cambridg e

UniversityPress, 1994.

Preparata,F, Shamos,M: Computational Geometry. An

Introduction , 2ª ed., Springer-Verlag, 1988.

Requicha,A: MathematicalFoundationsofConst ructive

Sol id Geometry: General Topology of Close d

r e gular Sets.TM-27a, Production Automatio n

Project, Universityof Rochester, 1978.

Thibault,W, Naylor,B: Set operations on polyhedra

us i ng binaryspace partitioning trees, Proc AC M

SIGGRAPH’87, Computer Graphics Vol. 21, p p

153-162, 1987.