Roman Kotrec

Department of Computer Graphics and Image Processing, Faculty of Math. and Phys., Comenius University, 842 15 Bratislava, Slovak Republic, e-mail: kotrec@fmph.uniba.sk

Spline curves and spline surfaces are a powerful modelling tool. They have many useful properties, but using spline techniques to model topologically arbitrary surface is hard. If the spline surface is created over a rectangular control grid, it can be difficult modelling the surface, which topology can be different from the topology of the control grid. The goal of this paper is to overcome this restriction using binding sides of the control grid. We will show, how we can model some basic topological objects (cylinder, Moebius strip, torus, sphere, cone, Klein bottle) with spline surfaces.

We also describe some properties of these surfaces and practical tips for application.

We can define a spline or a spline surface as piecewise polynomial point function depending on 1 or 2 real variables respectively [BARS88]. A spline segment can be expressed as a linear combination of control points with blending functions. The most frequently used splines are piecewise cubic functions.

For the sake of simplicity we will deal with uniform cubic B-splines only. For a large group of splines (B-splines, b-splines, cardinal splines, NURBS, etc.) we can define the spline segment:

(1)

,

+1,

+2,

+3) = 3 S

(

).

+

S^k is a cubic spline segment, where

are blending functions and V_i are control points.

If we have N+1 control points V_0...V_N , then the spline is defined:

(2)

=

- 3 S

=0

(

+1,

+2,

+3)

As known,

if:

(3)

B

A spline curve segment can expressed in a matrix form:

S_k(u) =

(1/6).(u_3, u_2, u, 1). (5) �

Ł � � � - 1 3 - 3 1

3 - 6 3 0

- 3 0 3 0

1 4 1 0

� ł � � � �

Ł � � �

+1

+2

+3

� ł � � �

A s pl in e s ur fa c e s e gm e n t c a n e x pr e s s e d in a m a t r ix fo r m :

S k,j( u, v ) =

( 6) �

Ł � � � � � , +1,

+3, , +1 +1,

+2, +1 +3, +1 ,

+1,

+2

+2,

+2

+3,

,

+3

+1,

+3

+2,

+3,

+3 A B-spline surface is defined over the rectangular control grid

, k=0..N, j=0..M:

S = Sk,j (7)

,

=

=0

W e c a n sa y, th a t a spl in e c ur v e "c o pi e s" th e sh a pe o f th e

. F ro m th e to po lo gi c a l a spe c t it is in te re stin g, h o w th e c o n tro l po lygo n is de sign e d b y m ul tipl e c o n tro l po in ts o r b y th e c yc le o f po in ts. W e de sc rib e th is in de ta il:

L e t A , B , C , D , E b e di ffe re n t c o n tro l po in ts. T h e n :

1. th e se gm e n t S (A ,A ,A ,A ) is th e po in t A ,

2. th e se gm e n t S (A ,A ,A ,B ) is a lin e se gm e n t a n d A is its b o un da ry po in t,

3. th e se gm e n t S (A ,A ,B ,B ) is a lin e se gm e n t,

4. th e se gm e n t S (A ,A ,B ,C ) is fo rm e d o f a c ur v e ,

5. if w e h a v e a c yc le o f po in ts ( first th re e a n d la st th re e po in ts a re sa m e ) e .g. A B C D A B C , th e n a c c o rdi n g to (3) th e spl in e is a sm o o th c lo se c ur v e .

In pr e v io us w o rks se v e ra l a ppr o a c h e s to a rb itra ry to po lo gy sur fa c e s h a v e b e e n sugge ste d [C C 78] [L o o 94] [G H 95] . T h e se a ppr o a c h e s e n a b le pr a c tic a l m o de llin g o f th e sur fa c e s w ith a v a rio us to po lo gy , b ut th e y c a n ’t de sign so m e to po lo gi c a l sur fa c e s like th e M o e b ius strip o r th e K le in b o ttle . W e sugge st a v e ry sim pl e a ppr o a c h to m o de l so m e b a sic to po lo gi c a l sur fa c e s us in g b in di n g side s o f th e c o n tro l gr id o f th e B -spl in e sur fa c e . T h is a ppr o a c h e n a b le s m o de llin g o f th e M o e b ius strip a n d th e K le in b o ttle , b ut it isn ’t sui ta b le fo r m o de llin g o f c o m pl e x sur fa c e s.

T h e m a in ide a c o m e s o ut fro m a c o n struc tio n o f so m e to po lo gi c a l sur fa c e s. W h e n w e h a v e th e squa re

:{ (x ,y) [0, 1] x [0, 1] } w e c a n fro m th is squa re c o n struc t so m e to po lo gi c a l ˛ surfaces by using formulas (8),..(12). (Fig 1) This construction is analogous to the production of cake from a rectangular piece of a dough by gluing two sides of the rectangle.

square

:{ (x,y) [0,1]x[0,1]} ˛ 1. the equivalency (1,y) = (0,y) result is a cylinder, (8)

2. the equivalency (1,y) = (0,1-y) result is the Moebius strip, (9)

3. the equivalency (1,y) = (0,y) and (x,1) = (x,0) result is a torus, (10)

4. the equivalency (1,y) = (0,y) and (x,1) = (1-x,0) result is the Klein bottle, (11) 5. the equivalency (0,y) = (x,0) and (1,y) = (x,1) result is a sphere. (12)

We design cylinder like to topological construction of a cylinder. If we have replaced the square A [0,1]x[0,1] with the rectangular grid of control points, and the equivalency (8) with the condition (13), then we obtain a smooth cylinder surface.

Condition for cylinder surface:

(14)

U-curves will be cycles, and v-curves will be line segments ( in the topological aspect) (Ex.1, Fig. 2)

0 1 2 3 0 1 2 0 1 2 3 0 1 2 4 5 6 7 4 5 7 4 5 6 7 4 5 7

(15) Construction of a torus:

(16) This construction is formally commutative. ( If we add the first rows or columns the resulting control grid is the same.) U-curves and v-curves are topologically circles.

The modelling of the Moebius strip is similar to gluing of a paper strip. The first three and the last three rows (columns) are the same in inverse order. This condition is analogous to (9). The Moebius strip is not an orientable surface.

Condition for the Moebius strip:

(18)

1 2 3 4 5 6 7 1 2 3 4 5 6 7 5 6 7 8 1 2 3 5 6 7 8 1 2 3

If we have used the construction (14) and for remaining two opposite sides the construction (18) we obtain the control grid of the Klein bottle. The Klein bottle is a nonorientable surface, and it is impossible to display this surface without a self-intersection. (Ex.4, Fig. 5,6)

Unlike the (16) this approach is not formally commutative. The resulting control grid depends, whether we have used first the construction (14) or (18).

Construction of Klein bottle:

(19) or

(20)

Although the resulting control grids are different, the designed shapes over these control grids are the same.

1 2 3 4 1 2 3 1 2 3 4 1 2 3 5 6 7 8 5 6 7 5 6 7 8 5 6 7 9 10 11 12 9 10 11 9 10 11 12 9 10 11 13 14 15 16 13 14 15 13 14 15 16 13 14 15 3 2 1 4 3 2 1 4 3 2 1 4 3 2 7 6 5 8 7 6 5 8 7 6 5 8 7 6 11 10 9 12 11 10 9 12 11 10 9 12 11 10

Till now we haven’t any problems with the analogy of the modelling B-spline surfaces and the topological construction some surfaces. We can topologically construct a sphere by pasting together the adjacent sides are (12). But the condition that the first three rows and the first three columns are identical leads to the distortion of continuity and parameterization in the corner point of the control grid. In the Fig 7. we have an example of a this way surface designed.

To design a simple sphere surface we can use construction of the cylinder surface (14), so that all v-curves begin and end in the same points - poles. This sphere modelling is identical to a world globe. The v-curve are meridians and the u-curve are parallels. To retain the smoothness in the poles, we need the restriction, that poles and surrounding control points are in the same plane. ( Ex. 5, Fig. 8)

N N N N N N N N N N N N N N N N N N N N N 1 2 3 4 1 2 3 5 6 7 8 5 6 7 S S S S S S S S S S S S S S S S S S S S S

Examples of control grids 1., 2., 3., 4. and 5. describe topological properties of designed surfaces, but their shapes depend mainly from positions of control points. The shape of control polyhedron must correspond to the expected shape of the B-spline surface.

In our examples and figures we tried to use minimal number of control points to model some basic types of topological surfaces. The shift of one control point will smoothly change the shape of the whole surface. We can use this property of control points to create a simple 3D animation.

Each point of the designed spline surface has u- and v-coordinates, therefore it is easy to trace or map texture on this surface and there are other benefits too.

Designed surfaces are evaluated in Bezier vertices of the Bezier surface. We made the visualisation of shown surfaces as visualisation of Bezier surfaces in OpenGL on PC (486, Pentium).

The Moebius strip and the Klein bottle are not orientable surfaces, therefore for a light model we must use surface normals independent of the orientation.

In the future work we can extend this method to other spline types. Also we can loose the restriction, that the control grid must be rectangular.

[BARS88] Barsky, B.: Computer Graphics and Geometric Modeling Using Beta-splines,

Springer Verlag, Berlin, 1988. [CC87] Catmull, E., Clark, J.: Recursively Generated B-spline Surfaces on Arbitrary

Topological Meshes,

10(6): 350-355, November 1978. [GH95] Grimm, C., Hughes, J.: Modeling Surfaces of Arbitrary Topology using Manifolds,

, 359-368, 1995, Proceedings of SIGGRAPH’95. [Loo94] Loop, C.: Smooth Spline Surface Over Irregular Meshes,

28(2): 303-310, July 1994, Proceedings of SIGGRAPH’94.