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Abstract

The problem of reconstructing the phase function in the Hilbert diagnostics of gaseous, condensed
and reacting media is discussed in the paper. The method for restoring the phase disturbances
structure of a probing light field based on the iterative Gauss-Newton algorithm is proposed. It does
not require the definition of second derivatives and significantly reduces the number of computes.
The method consists in successive selection of the phase profile given by the Bezier curve and
calculation of the hilbertogram. The reliability of the results is the coincidence of the reference and
reconstructed hilbertograms local extrema. The Jacobian matrix of the nonlinear integral operator
of the Hilbert visualization is calculated. The proposed algorithm has been certified on test
functions. The development of the method and its applications is associated with the processing of
experimental results, including complex structures, where the phase function is represented by
several Bezier polynomials.

Keywords
Hilbert optics, phase function, optimization, Gauss-Newton method.

1. Introduction

The Hilbert diagnostics of phase structures is the most important result of the methods fruitful
synthesis developed in optics and radio engineering [1, 2]. This is an integral operation that signal
energy redistributes in a given band of spatial frequencies of the probing field perturbed by the medium
under study. The energy loss of the optical signal is minimized in this case. The Hilbert transform in
the frequency space is reduced to a certain type of phase transformation of the signal Fourier spectrum
with energy conservation in a wide frequency band.

The Hilbert diagnostics results of reacting jets and flames were presented earlier in [3, 4]. The
method based on polychromatic Hilbert visualization of phase optical density fields with temperature
profile measurements in selected sections of the medium under study is described using the example of
studying an axisymmetric hydrogen-air diffusion flame and a candle flame. The phase structure of the
probing light field, perturbed by the medium under study, is described in the axial symmetry
approximation of the flame using the Abel transform. An iterative selection of radial temperature
profiles adapted by Bezier curves, followed by the spatial structure calculation of the refractive index
and the phase function, is performed. The criterion for the results reliability of the study is the
comparison of the hilbertograms obtained in the experiment with the hilbertograms reconstructed in the
approximation of the flame axial symmetry.

The Gauss-Newton method application [5, 6] is proposed to iterative algorithm optimize for
reconstructing the phase function in Hilbert diagnostics in this paper. This is an iterative numerical
method for solving the least squares problem, a Newton's method modification for finding the objective
function minimum. It does not require the second derivatives definition, unlike Newton's method, which

GraphiCon 2023: 33rd International Conference on Computer Graphics and Vision, September 19-21, 2023

V.A. Trapeznikov Institute of Control Sciences of Russian Academy of Sciences, Moscow, Russia

EMAIL: arbuzov@math.nsc.ru (E. Arbuzov); arbuzov@itp.nsc.ru (V. Arbuzov); dubnistchev@itp.nsc.ru (Yu. Dubnishchev); melexina-
olgal 7@ya.ru (O. Zolotukhina)

ORCID: 0000-0001-9488-8650 (E. Arbuzov); 0000-0003-2404-526X (V. Arbuzov); 0000-0001-7874-039X (Yu. Dubnishchev); 0000-0003-

3486-4459 (O. Zolotukhina)
© 2023 Copyright for this paper by its authors.
BY Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).

19-21 cenmsabps 2023, Mocksa, Poccus 377


mailto:melexina-olga17@ya.ru
mailto:melexina-olga17@ya.ru

Scientific Visualization and Visual Analytics GraphiCon 2023

greatly simplifies and reduces the calculations number [7]. Various modifications of the Gauss-Newton
method that increase the convergence rate and reduce of the ill-posedness influence in the formulation
problem (in particular, the Levenberg-Marquardt algorithm [11]) are presented in [8-10]. The Gauss-
Newton method is effective in solving many optimization problems, it is easy to implement and is
present in most software packages for applied mathematics.

2. Inverse problem of phase function reconstructing from
hilbertramms

Let us turn to figure 1, where the selected section ¥ of the studied phase object with a radial
distribution of the refractive index n(r) is shown in a simplified way, the z axis coincides with the
direction of the probing light beam.

Figure 1: Scheme for diagnosing a phase object (axisymmetric approximation):
n(r) —radial distribution of the refractive index

Phase perturbations A(x,y) of the probing light field that has passed through the medium under
study depend on the geometric path length and the refractive index n(x, ¥, z):

2 (%2
Mpx9) = f (n(x,9,2) — o]z,
Zq

where A is the wavelength, n., is the refractive index of air, z; and z, are the entry and exit points of
the beam from the object.

The nonlinear integral operator of the first kind is a mathematical model of the Hilbert visualization
of the phase shift AY(x, y):

+ cos[Ap(x, 9)] . ) *tosin[Aap(x, 9], )’
costApx I, 1 o f il AL (1)

a9y = [ —

The inverse problem consists in reconstructing the function Ay (x, y) from the H[Ay](x*, 9) values,
which are recorded in the experiment.

The method based on the successive selection of the profile Ay(x,y) and calculation of the
hilbertogram H[Ay](x*,9) is proposed for the solution. The local extrema coincidence of the
experimental and reconstructed hilbertograms serves as a criterion for stopping the procedure.

The desired phase perturbation function Ay (x, ¥) in the section ¥ on the interval [—1y, 1] is modeled
by Bernstein polynomials of the n-th order (Bezier curves) in the smooth fields case [12]:

( n
I x(t: Px) = z Px,m bm,n(t)
Ap(x,9) = " ;o tefoa]; 2)
Iky(t: Py) = Z Py,m bm,n (t)

m=0
where (Pym, Py m) are the vectors components of the reference vertexes, by, , (t) are the basis functions
of the Bezier curve, called Bernstein polynomials:
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bm,n (t) =

n is the polynomial degree, m is the ordinal number of the reference vertex. The function
AY(x,y) = 0 outside the interval [—1y, 1].

The equality Ay[x(t), ¥] = y(x(t)) is valid in the section y for the phase function (2) and any
parameter t, while A(x,§) depends on the coordinates of the reference points P. Denote its Hilbert
image by H gpt. It is calculated taking into account formula (1) as follows:

—tm 1 _ t n—m’
m! (n —m)! ( )

o cos[y(x 2 o sin[y(x 2
P e XT—X e XY —x
0 0
As dx = x{(t, P,)dt, where x{ = dx/dt, equation (3) can be represented as
1 2 1 2
opty 1o cosly(t, )] , f sinly(t, )] ,
0 = —— ! (¢t, P, )dt — T x[(t, P)dt | . 4)
) ={ [ e e rae] +{[ SR
The optimization problem is to determine those values of the parameters (Pyo, ..., P,;) and
(Py,05 ---» Pyn), at which the objective function minimum is reached:
N
- S 12 2
FE) = IFAN =) [ o - HP @0 |, x € [=roml, )
k=0

where H™¢/ is the hilbertogram recorded in the experiment (reference data).

2.1. Gauss-Newton method

In general terms, the optimization problem is to find the extremum (minimum) of the objective
function:
N

F@ = IF@IP = ) [a@ - byl?
k=0
U= (Uqg, ..., Uy) € R™,
The iterative Gauss-Newton method, which uses the Jacobian matrix J of first-order derivatives of the

function F (%) to find the vector u, that minimizes f (i), is one way to solve this problem.
The Jacobian matrix is determined by the formula [13, 14]:

day (ﬂ)]N'm

@ - |
k=1,j=1
The Gauss-Newton method consists in performing successive approximations U, 44 according to the
expression:

Ugr1 = uq — alJ" @) @)1 ™" W) F (ug), (6)
where d is the iteration number, a is the coefficient used to regulate the optimization "step" [6], JT is
the transposed matrix.

Denote
t t
Hy' = H™ (), HP[y(x(t, P, By)] = HIP ().
Then the objective function components (5) in the case of hilbertogram processing can be written as
t
Hy® — HSP! [y(x(t, P,), B,)]
F= : . (7
t
Hy = HyP [y (x(6, P, )]
The partial derivatives values with respect to the components of the vector P of the function (4) will
be found to determine the Jacobi matrix J. First, we write down the values of derivatives with respect
to P, coordinates:
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OHOPt Leos|y(t, B)] 2 Lsin[y(t, P))] 2l
*) — ! P. R A A vl P. =
R e e +{Lx“%@&¢uaam}P
= A, + B,.
Then
Leos[y(t, B)] Leos[y(t, P)] ’
A =2J it S e 8 t,P)dt - j R i t,P)dt
X 0 x* _ x(t, Px) t( x) 0 * __ x(t, Px) t( x) Px
Since
cos[y(t,P)] , ’ B xi(t,P) |
= xR x:(t, P)dt . = cos[y(t, Py)] z
and
x(tP) | (@ P)lp, - [x" = x(t, POl — x( (6, P) - |x" — x(t, P )Ipx
B [x* — x(t, P)]?
it follows that
cos[y(t, Py)] , ' B wy - [xF —x(t, P)] + wy - x((t, P,)
v —x(e b H Y| = cosb Bl [ — (6 PP '
where
Wi = |x£(t' Px)l;Jx'
wy, = —|[x” _x(t'Px)l;Jx = |x(t'Px)|;Jx-
Thus
Leos[y(t, B)]
A, = Zjo mxt(t, Px)dt :
cos[y(t )] J‘l cos[y(t, Py)]
- =~ - . ! P
{J;) -2 ) " ) o xR B B
or
To cos[y(x
Ac=U+1)2 cosb@l 4
ry XX
where
To cos
I = -f *[y(x)] — Wy dx,
oy X —x xi(t,Py)
"o cos[y(x)]
L=| ——=- :
o= | g wads ®
0

We transform (8) by integration by parts:
L f“’ |lcos[y(x)] - w, %
,=—

x*—x

dx.

-7y

Since
lcos[y(x)] - wal5x = |cos[y ()]l - wz + cos[y(x)] - w5,

yi(t.B)

lcosly (Ol = —sinly () L p,
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W, | = lwa | W
2T xl(t, P xi(t P

then

I, = fr" sin[y(x)] _}’t'(t, Py)_ D — fTO cosly(x)]  wy .

* 2 *
ry XT—X x{(t, Py) . x{(t, Pe)

As aresult, we arrive at the equality

Ay = zfr(’ cosly@)] | Ur" cosly@] _w +fr° sinly()] yi(t.h)

x*—x x*—x  x{(t,P) x*—=x  x{(t,P)

_fro cos[y(x)] ) Wwq d } _

oy X mx xe(t Py)

wydx —

—To —To —To

_, fro cosly(l f "o sin[y(x)] yi(t.B) wadx.
oy XT—X ry XTTX x{(t, Py)
Similarly, one can show that
=2 [ D [ o) I YHER) o
x x*—x X x 0 x((6P)

—Ty

Now we write down the values of derivatives with respect to P, coordinates:

oHoPt Leos[y(t, P))] , 2 Lsin[y(t, P,)] , 2|’
e = Uo -t P P")dt} * Uo x—x(6 P P")dt} .
y
= A, +B,.
Then
1cos[y(t,P )] 1 cos[y(t,P )] '
A =2f ——— 2 x{(t, B)dt f T Yl (¢, B)dt
y 0 _ x(t, Px) t( X) o x* _ x(t, Px) t( X) Py
Since
cos[y(t,P,)] Xt Py) ,
x* — x(t, Px)x - x* — x(t’ Px) |COS[y(t, Py)]lpy’
[cos[y (e, B)][,, = —siny(t, B)] - we
we get
_ COS[Y(t 9] m[Y( )]
Ay = —2f X P )xt(t, Px)dtf P )xt(t, P,) - w,dt,
or
7o To o
A, =2 f —COS*[y IPN f —Sm*[y @1 dx.
. g —
Similarly
T'O : ro
B, = 2 f sin[y(x)] o f cos[y(x)] wydi.
x*—x *

—To —To

As a result, the Jacobian matrix will have the following form:
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(OHSP* QHSPY OHGP! AHIPH
0Pyo 0Py, 0P,y T 0P,
J= : : : : . 9)
oHP" OHPY  aHP! aHP"
\oP,, = 0P, 0P, ~ 9P, )
The Gauss-Newton algorithm (6), taking into account (7) and (9), will be defined as
Pas1 = Pq — alJ"J17"F (Py). (10)

Thus, optimization begins with setting the vector components 133, which determine the phase
function initial profile, then applying formula (10) step by step, and terminating the calculation process
when the squared distances sum between the extrema coordinates of the reference and optimized
hilbertograms becomes less than the specified value.

3. Algorithm application on the test function example

It is sufficient to determine the phase function only on the interval [0, 4] in the case of axisymmetric
objects.

Let's simulate an example when an axisymmetric object with a section radius 7y = 30 mm is
diagnosed. Define Ay (x, §) within 0 < x <y as a parametric Bezier curve of the third degree:

A (x.9) x(t) = (1 —t)3Py o+ 3(1 — t)%tPy1 + 3(1 — t)t?Py 5 + 3Py 5
xl = )
by y() = (1 =3Py o+ 3(1 —t)%tPy1 +3(1 — )t?Py, + t3Py 3
for x > 1y the value A (x,y) = 0, and we continue it in an even way to the region —ry <x < 0.
The pixel size in the image corresponded to 1/30 mm when registering the optical signal in the

experiments [3, 4]. Therefore, the number of samples N = 1801 in the interval [—1y, 1]
The function graph Ay (x, ¥) and its hilbertogram is shown in figure 2 for the reference points values

{Px,OZOsPy,OZSO}a {Px,lzlsapy,lzso}’ {Px,ZZIS’Py,ZZO}’ {Px,3:3oapy,3:

0}.
Phase function
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Figure 2: The phase function represented by the Bezier curve (with reference vertices) and the
hilbertogram calculated from it. The hilbertogram is presented in a dimensionless form with
indication of the local extrema points

The hilbertogram shown in figure 2 will be taken as the reference H™/, and the phase function
corresponding to it will be denoted by Ayp"®/. Let us consider the biased function Ay°P?t as an initial
approximation, which must be optimized to Ap7¢/ (figure 3).
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Figure 3: Reference hilbertogram H™®/ and initial (optimized) hilbertogram H°Pt, and their
corresponding phase functions

In this case, the parameter w, for derivatives with respect to the vector P will have the values
presented in table 1.

Table 1 — Derivatives with respect to P, and P, coordinates

Coordinates P, Coordinates P,, wy
Px,O Py,O (1 - t)3
Px,l Py,l 3(1 - t)zt
Pyp P, 3(1 — t)t?
Py s Py 3 ¢3

The Jacobian matrix will have the following form:
t t t t t t t t
(OHJPY QHJP" 9HJPY GHLP" 0H,PY OHg™" 0H,P" OHyH)
0Pyo 0P,y 0Py, O0P,3 0dP,, O0P,; 0Py, 0Py;

]: H . . H H . H H
OHZ" OHN' OHZP' OHZY' OHZY' OHZY' OH' OH"
\oP,, 0P,, 0Py, 0P,3; 0P,y 0P,; 0P,, 0P,;)

The root-mean-square error between the hilbertogram extrema H™¢/ and H°P? after 12 iterations as
a result of applying the Gauss-Newton method (10) has reached the value

Q
2
Tep = Z(H;’pt —H]*")" = 10,0213,
q=1

where Q is the peaks number of function extrema, while the maximum deviation was
Omax = rr}axQ|ngt — Hy| = 0,002.
q=1,..,

The phase function Ap°Pt obtained as a result of optimization is shown in figure 4.
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Figure 4: Optimization result
The maximum deviation of Ay, from Ay, r was

Omax (DY) = kf(‘ﬁ’_‘wlA""?pt — M| = 0,0025.

4. Conclusion

The Gauss-Newton method, adapted to the problem of determining the phase function from Hilbert
diagnostics data of gaseous, condensed and reacting media, is presented in the work. The algorithm for
phase structure reconstructing, based on the successive selection of the phase profile given by Bezier
polynomial, and the subsequent calculation of the hilbertogram, is given. The criterion for the results
reliability is the local extrema coincidence of the reference and reconstructed hilbertograms. The
Jacobian matrix calculation for the nonlinear integral operator of Hilbert visualization is done. The
operation example of the algorithm for the test function in the case of an axisymmetric problem
statement is given.

The algorithm application to the experimental data processing will be the further research direction.
The Gauss-Newton method adaptation to the possibility of desired phase function specifying by several
Bezier curves in cases of complex structures diagnostics.
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