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Abstract
An optimization problem of packing objects of arbitrary geometry with generalization in
dimension is considered. It is proposed to use a discrete representation of objects of complex
shape in the form of orthogonal polyhedra, which are compound objects obtained by combining
rectangles or parallelepipeds depending on the dimension of the problem. The model of
potential containers is used to form and describe the placement schemes of orthogonal
polyhedra. The paper proposes algorithms that provide a qualitative increase in the speed of
formation of the placement schemes by reducing the number of potential containers processed
when placing each compound object. A fast algorithm for updating sets of potential containers
is presented, which is based on the use of the set-theoretic operation of intersection. An
additional increase in the speed of the potential containers model is achieved by removing
potential containers that cannot be used to place new objects in all possible orientations. It is
shown that with an increase in the number of objects placed using the proposed algorithms, the
time spent on placing one object is reduced. The proposed optimization makes it possible to
solve the problems of placing objects of complex shape, specified with a higher degree of
detail, which will provide a denser packing in the allotted time. The results of the computational
experiments carried out on the problems of packing flat and volumetric objects of irregular
shape are presented, confirming the effectiveness of the developed algorithms.
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1. Introduction
The problems of packing objects of arbitrary shape are extremely complex and require significant
computational resources to solve them, which is explained both by the fact that these problems belong
to the class of NP-hard optimization problems [1, 2] and the need for a detailed description of the
geometry of the placed objects. The solution of a large number of optimization problems of resource
allocation of various geometry is reduced to packing problems, including: problems of irregular cutting
of materials (metal sheets, plywood, cardboard, etc.) [2–4], layout problems (planning free spaces in
workshops, rockets, airplanes, ships, tankers, etc.) [5, 6], modeling of microstructure composite
materials [7, 8], geometric surface covering [9], placement of parts on the 3D printer platform [10–12].
The considered problem is to find the most rational way to place a given set of objects of arbitrary
geometry inside a container. An indicator of the quality of the placement of objects is the height of the
resulting placement scheme, which should be minimized. A solution of the problem can be presented
in the form of a sequence of objects selected for their subsequent placement in a container with
information about the orientation variant of each object. Such a sequence can be obtained using heuristic
or metaheuristic optimization methods that reduce the number of considered alternative solutions to the
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problem [13–15]. The final placement of objects in a container based on a given sequence is carried out
using algorithms for geometric design of the packing.
The most common method of forming the placement of objects of complex shape is the method
based on the construction of a hodograph vector function of dense placement [12, 16]. To obtain a
locally optimal solution to the problems of packing some basic geometric shapes (for example,
rectangles, circles, ellipses, parallelepipeds, spheres, etc.), the method of phi-functions and quasi-phifunctions developed by Professor Yu.G. Stoyan is used [17–19]. Despite the undoubted obvious
advantages of these methods, associated primarily with the possibility of obtaining a layout of arbitrarily
oriented objects, they have a number of limitations on its practical application. On the one hand, when
placing an object of arbitrary geometry, it is necessary to first decompose this object into a set of simple
shapes or develop a new mathematical model for its description with piecewise smooth functions (as is
done, in particular, for ellipsoids and spheroconuses). For non-convex polyhedra, there is no possibility
of constructing phi-functions, so there is a need to decompose them into a set of convex polyhedra.
Obviously, with an increase in the degree of detail of the geometric description of the placed object, the
complexity of the mathematical model being formed increases. Another disadvantage is associated with
the need to use time-consuming methods of nonlinear programming to solve the problem [18, 20]. These
problems occur when placing objects are given as polygonal models.
The discrete (voxel-based) representation makes it possible to describe objects of arbitrary geometry
with a given degree of detail [7, 8, 21, 22]. The articles [23, 24] present a method of rapid placement of
objects of complex shape, based on their representation in the form of orthogonal polyhedra (OP) [25,
26], obtained as a result of rasterization (voxelization) and subsequent decomposition of objects [27].
To describe a packing (placement scheme) and analyze the free spaces inside a container, the developed
model of potential containers is used [15, 28].
Each OP O in a D -dimensional space consists of m orthogonal objects (parallelepipeds of
dimension D ) with a fixed position relative to each other. An orthogonal object with a number k is

{

}

defined by a vector w1k ; wk2 ;; wkD of overall dimensions (the superscript in formulas is used to denote

{

}

the number of the coordinate axis) and a vector z1k ; z k2 ;; z kD that determines its position in the local
coordinate system of this OP. The classical orthogonal packing problem is a special case of the OP
packing problem under consideration, in which each OP consists of only one object [29].
Computational experiments were carried out using the author's application software «Packer» [15],
designed to solve practical problems of optimizing the allocation of resources of arbitrary shape and
various dimensions (a personal computer based on an Intel Core i5-8400 processor with a frequency of
2.8 GHz and having 8 GB RAM was used).

2. Optimization the model of potential containers
2.1. Optimizing the process of updating a set of potential containers
The model of potential containers fully describes the entire free space of a D -dimensional container
with a set of various virtual objects in the form of D -dimensional parallelepipeds, called potential
containers (PC), which have the maximum possible overall dimensions. Each PC does not overlap any
of the objects placed in the container and is within the boundaries of the container. We will denote by

{p1i ; pi2 ;; piD } the overall dimensions of the PC with the number i . The position of the PC inside the
container will be determined by a vector {x1i ; xi2 ;  ; xiD } that contains the coordinates of the PC point

that is closest to the origin of the container coordinates.
When trying to place one object inside the container, it is necessary to check the correctness of this
placement. The model of potential containers guarantees the correct formation of the placement scheme
when each placed orthogonal object is within the boundaries of the potential container selected for it.
In this case, the time-consuming operation of detection possible collisions is reduced to a simple check
of the placement of the considered object entirely inside one potential container, as a result of which
the speed of geometric design of this packing increases.
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In order to correctly describe all the free spaces inside the packing after placing each OP, it is
necessary to perform the procedure for updating the set of PCs in the placement area. This procedure
solves the problem of obtaining a new set of PCs of minimum cardinality, which describes all the
existing free areas inside the container, provided that none of the PCs from this set even partially
overlaps any of the placed objects. It is obvious that with an increase in the number of orthogonal
objects that are part of the placed OP, the time spent on updating a set of PCs will increase, therefore,
for the problems of packing objects of complex geometric shape, it is necessary to use the fastest
algorithm for updating a set of PCs.
Two algorithms have been developed to update a set of PCs when placing an OP:
•
sequential PC update algorithm;
•
PC update algorithm based on the application of the intersection operation.
Figure 1 shows a block diagram of the sequential PC update algorithm, which updates the parameters
of the overlapping PCs after placing each orthogonal object that is part of the placed OP.

Figure 1: Updating a set of PCs with sequential placement of all orthogonal objects forming an OP
When creating a set of PCs Θ1 , the condition of its overlap with an orthogonal object ok must be
met

for

{

each

PC

}

Pi ∈ Θ1 :

(xid < X d + zkd + wkd )∧ (xid + pid > X d + zkd )

∀d ∈ {1,  , D} ,

where X 1 , X 2 ,  , X D are the coordinates of the placement point of the origin of the coordinates of
the OP.
The set Θ 2 will contain PCs obtained as a result of decomposition by an orthogonal object ok of
all PCs Pi ∈ Θ1 :
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(

) (
)
is met, which are located at the point {x1i , xi2 ,  , xiD } of the container and have overall
dimensions {p1i , pi2 ,  , pid −1, X d + zkd − xid , pid +1,  , piD };
PCs formed when the overlap condition (X d + z kd + wkd > xid ) ∧ (X d + z kd + wkd < xid + pid )

1. PCs formed when the overlap condition X d + z kd > xid ∧ X d + z kd < xid + pid ∀d ∈ {1,  , D}

2.

∀d ∈ {1,  , D}

is

met,

which

are

{x1i , xi2 ,, xid −1, X d + zkd + wkd , xid +1,, xiD } and
{p1i , pi2 ,, pid −1, xid + pid − X d − zkd − wkd , pid +1,, piD }.

located

have

overall

at

points

dimensions

When decomposing PCs that overlap with an orthogonal object, new PCs are formed which can be
entirely located inside other PCs. As a result, the subsequent placing of other objects leads to a sharp
increase in the number of PCs and a corresponding increase in the time spent on the formation of the
packing. Therefore, in order to obtain a set of PCs of minimum cardinality, it is necessary to search and
delete PCs nested in each other entirely after placing each orthogonal object.
The PC P1 is nested in the PC P2 (i.e. it is contained entirely inside the PC P2 ) if the condition is
met:
(1)
x1d ≥ x2d ∧ x1d + p1d ≤ x2d + p2d ∀d ∈ {1,, D} .
At the first stage of searching the nested PCs, a set Θ′ is formed consisting of PCs Pi ∈ Θ′ for which

(

) (

)

∃d ∈ {1,  , D} : xid ≤ X d + z kd + wkd . Next, for each pair of PCs P1, P2 ∈ Θ′, P1 ≠ P2 , the condition (1)
is checked, when fulfilled, the PC P1 is removed from the set used to describe the free space of the
packing.
The second developed algorithm for updating a set of PCs solves the problem of determining the
areas that will remain unchanged in the container after placing the OP. The algorithm is based on the
use of the intersection operation applied to the original set of PCs Ω 0 and the set of PCs formed in an
empty container after placing the considered OP in it. This algorithm for OP O includes steps 1–4.

Step 1. Form a set Ω′0 ⊂ Ω 0 consisting of PCs for which ∃d ∈ {1,  , D} : xid ≤ X d + S d , where

(

)

S d = max z kd + wkd , k = 1 O .

{

}

Step 2. Place the OP O at the point X 1 , X 2 ,  , X D of a new empty container (identical in shape
and overall dimensions to the container used in the problem being solved), as a result of which a set Ω1
of PCs will be formed in it. When placing OP, the algorithm described above for updating a set of PCs
is used (based on the sequential placement of all orthogonal objects).
Step 3. Apply the intersection operation to the sets of PCs Ω′0 and Ω1 , as a result, a set
Ω′0′ := Ω′0 ∩ Ω1 describing the free space of the considered container in the neighborhood of the placed
OP will be obtained. When performing the intersection operation, each set of PCs is considered as an
OP consisting of orthogonal objects whose parameters coincide with the parameters of the
corresponding PCs.
Step 4. Replace all PCs in set Ω 0 from set Ω′0 with PCs from the resulting set Ω′0′ .
The scheme of updating a set of PCs based on the application of the intersection operation is shown
in Figure 2.
A comparative analysis of the efficiency of the developed algorithms for updating PC sets was
carried out on the example of solving the problem of placing a set of identical OP having external
dimensions of the bounding parallelepiped AABB {62, 42, 24} and consisting of 66 orthogonal objects
(Figure 3, a). The container is represented by a parallelepiped with the overall dimensions
{340, 340, 620}. Rotation of OP in the problem was not allowed. Figure 3, b shows an example of the
resulting packing of a set of 250 OP.
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(a)
(b)
(c)
(d)
Figure 2: Updating a set of PCs based on the application of the intersection operation: (а) set of PCs
Ω′0 in the original container before placing the OP; (b) set of PCs Ω1 in a new container after placing
the OP; (c) illustration of the intersection operation; (d) set of PCs Ω′0′ after placing the OP
(a)

(b)

Figure 3: The test problem of packing a set of OP: (a) type of the placed OP; (b) result of placing a set
of 250 OP
Summary results of solving the problem of placing sets of 50, 100, 150, 200 and 250 OP without a
gap are presented in Table 1, which uses the following notation: T – the time spent on placing all OP;
t – the average time spent on placing one OP, which is determined by the formula t = T N , where N
is the total number of all OP in the problem being solved. A computational experiment has shown that
an algorithm based on the intersection of sets of PCs provides a qualitatively higher speed of placement
of OP in comparison with the algorithm of sequential updating of PCs.
Table 1
Testing algorithms for updating PC sets

830

Number of
OP in the
problem

Number of PC
after placing all
OP

50
100
150
200
250

4369
9221
14073
18889
23759

Sequential update algorithm

T ,s

t,s

18.3
119.9
416.0
1082.6
1800.2

0.366
1.199
2.773
5.413
7.201

Algorithm based on the
intersection operation
T ,s
t,s
7.7
33.1
85.2
177.6
274.5

0.154
0.331
0.568
0.888
1.098
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Removing unused potential containers

An additional increase in the speed of the model of potential containers is achieved by removing
PCs that cannot be used to place any of the specified objects in any of their possible orientations.
In the Table 2 the indicators of the speed of placement of sets of OP (Figure 3, a) when removing
unused PCs and the use of an algorithm for updating a set of PCs based on the intersection operation
are summarized. The last column of the table contains a parameter K showing how many times the
speed of packing construction increases when unused PCs are removed.
Table 2
The speed of placement of OP sets when removing unused PCs
Number of OP in Number of PC after
t,s
T ,s
the problem
placing all OP
50
3430
5.7
0.114
100
4444
21.8
0.218
150
5450
39.8
0.265
200
2559
57.8
0.289
250
3438
72.0
0.288

Increasing the speed of
object placement ( K )
1.351
1.518
2.143
3.073
3.813

The obtained test results demonstrate a significant increase in the speed of object placement due to
a fundamental reduction in the number of PCs processed. It is important to note that when removing
unused PCs, the value of the object placement speed parameter K increases.
Figure 4 presents diagrams showing the dynamics of changes in the number of PCs in a container
when solving problems of packing sets from 1 to 500 objects of the same type, shown in Figure 3, a
(when placing objects, a gap of 10 was set):
•
problem 1: packing of objects without rotation (Figure 5, a);
•
problem 2: packing of objects with sequential assignment of one of six orientation options for
each OP (Figure 5, b).
Figure 6 shows the dynamics of changes in the number of PCs and the speed of solving the packing
problem when placing sets from 1 to 100 flat (two-dimensional) OP of two types without a gap. The
formed placement scheme of a set of 100 OP and the free space of the container for the resulting packing
are shown in Figure 7.

(a)
(b)
Figure 4: Dynamics of changes in the number of PCs when placing three-dimensional objects of
complex shape: (a) problem 1; (b) problem 2
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(a)
(b)
Figure 5: Test problems of packing three-dimensional objects of complex shape: (a) problem 1;
(b) problem 2

(a)
(b)
Figure 6: Results of testing the model of potential containers on flat OP: (a) dynamics of change in the
number of PCs; (b) dynamics of changes in the time spent on solving the problem

(a)
(b)
(c)
Figure 7: Packing of flat OP: (a) solution; (b) set of PCs in a packing; (c) set of PCs in a packing when
removing unused PCs
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3. Conclusion
Among the advantages of the method of solving the problems of packing objects in the form of an
OP in comparison with the traditional methods of forming irregular packing of vector or polygonal
objects, it should be noted the possibility of specifying arbitrary geometry of objects and containers to
be placed, a complete analysis of all free areas inside the formed placement scheme, as well as the
ability to control the speed and accuracy of the solution by changing the degree of detail of objects
during their rasterization (voxelization) at the preprocessor stage of preparing the solution of the
problem (this issue is considered in [30]).
The conducted studies have shown that both for updating sets of PCs of arbitrary dimension and for
placing OP (this issue is discussed in the article [25]), algorithms based on the application of the settheoretic intersection operation are the most effective, therefore they were chosen as the basic ones
when implementing the irregular-shaped object packing module included in the developed application
software «Packer».
The algorithms proposed in this paper make it possible to qualitatively increase the speed of
geometric design of the placement schemes based on a certain given sequence of selecting objects for
their placement in the container. It is obvious that the effect of using the described algorithms will be
most clearly noticeable when using multi-pass metaheuristic optimization algorithms, the use of which
is associated with processing of a large number of intermediate solutions to the problem.
As a promising direction for the subsequent development of research in the field of optimizing the
work of the model of potential containers, one can single out the development of an algorithm for
clustering a set of PCs into disjoint sets, followed by determining the free areas of the container that
cannot be used to place new objects inside them.
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