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Abstract

Fractional Fourier transform is the generalization of the Fourier transform. In this article the
synthesis of phase and magnitude of fractional Fourier transform is demonstrated. The influence of
phase and magnitude on the synthesis results is shown. The fractional phase correlation function
using fractional Fourier transform is calculated, and it is used for image matching. The use of
fractional phase correlation can achieve better results compared to the use of the classical phase
correlation. The comparison between phase correlation and fractional phase correlation for
biometric iris images is given. The selection of optimal parameter for fractional phase correlation
is proposed.
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1. Introduction

The Fractional Fourier Transform (FRFT) [1] is the generalization of the classical Fourier
Transform. FRFT is used in various signal processing problems [2], [3], [4]. Fractional Fourier
Transform is more flexible than classical Fourier Transform since it can be interpreted as a rotation of
a signal in the time-frequency plane for a given angle. The FRFT can be used to define fractional
convolution [5], fractional correlation, fractional phase correlation [6] and other operations.

The fractional phase correlation function is a generalization of the phase correlation function [7],
and both functions can determine the measure of image similarity. The phase correlation method can
be used in the various problems of image processing like image registration [8], image mosaicking [9],
biometrics [10], [11], motion estimation [12], [13], etc. If two images are similar to each other, then the
phase correlation function has a strong peak. The peak value determines the image similarity measure,
and its position determines the image shift value.

Biometric identification is widely used nowadays [14]. A person can be identified by the face,
fingerprint, iris image, palmprint, finger or palm vein image, ear, etc. Iris recognition is one of the most
popular and promising biometric characteristics and can be used in mobile devices [15]. There are a lot
of different methods for iris image analysis based on convolutional neural networks or classical
mathematical methods, and some iris image analysis methods use the phase information[16], [17], [18].

In this article the iris image matching method based on FRFT phase correlation is presented. This
method was tested on iris database CASIA-IrisV4-Interval [19]. The result shows that this approach
can be promising to use for human biometric identification.

In the article the FRFT, its phase and magnitude are introduced in Section 2. The synthesis of phase
and magnitude of fractional Fourier transform is demonstrated in Section 3. The phase correlation and
fractional phase correlation methods are given in Sections 4 and 5. The comparison of phase correlation
and fractional phase correlation methods for biometric iris image matching is proposed in Section 6.
Section 7 concludes the article.
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2. Fractional Fourier Transform

The Fractional Fourier Transform provides a family of linear transforms for each value of a € R.
The FRFT of order a converts the signal s(x) to the complex signal F(1) [20]:

Fals(x)] = F(A) = f SQOK, (x, A)dx,
1 i i(x; + 12) ixA
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where o = am /2.
It can be seen that F%[s(x)] = F**[s(x)], a € R. Let’s consider some special cases of the value a.

1. When a0 = /2, then a = 1, and fractional Fourier transform become classical Fourier
transform:

Fes(x)] = Fl[s(x)] = \/%f_o:os(x) exp(—ilx) dx.
2. When a = 0, then a = 0, and F°[s(x)] reduces to the identity operator.
3. When o = 7, then a = 2, and F?[s(x)] is the reflection operator.
4, When a = —m/2, then a = —1, and the fractional Fourier transform is the inverse
Fourier transform.

Thus, the fractional Fourier transform of order a can be interpreted as the rotation through the
angle a = amr/2 in time-frequency plane (x, «). The different fractional Fourier transform properties,
such as the rules of multiplication, division, integration, differentiation, convolution are described in
[20], [21]. The various methods for the discrete fractional Fourier transform calculating are also
described there.

The fractional Fourier transform can be generalized to the case of two-dimensional
images [22], [23]. For some experiments we use two images Lena and Baboon (Figure 1). Let's consider
some examples of applying the FRFT to the Lena image. Figure 2 shows the magnitude and phase of
the FRFT for various values of the parameter a.

%

Figure 1: Lena and Baboon original images
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Figure 2: Phase and magnitude of the fractional Fourier transform for the Lena image

The FRFT magnitude is presented in a logarithmic scale in all cases. At a = 1 the phase and
magnitude of the Fractional Fourier transform are the same as the phase and magnitude of the Fourier
transform. When the order a of FRFT decreases to zero, the FRFT magnitude contains more information
about the image structure and image edges than FRFT phase.

3. Synthesis of phase and magnitude of fractional Fourier transform

Let’s consider the images obtained by synthesis of the FRFT phase of one image and the FRFT
magnitude of another image. Two images Lena and Baboon are taken (Figure 1) and their FRFT for
different orders a are calculated.

Let's construct the new synthesis images. We take the FRFT phase of image f(x,y) and the FRFT
magnitude of image g(x, y). Then we fix the selected value of a, calculate fractional Fourier transform
for both images F(Ay,4y) = FA[f(x,¥)] = Ar(Ay, A4y)e' P22 and G(2,,1,) = FAg(x,y)] =
Ag(Ay, Ay)ei‘pg (2x4y) After thar we combine the FRFT phase ¢ r(Ax, Ay) of F*[f(x,y)], and the FRFT
magnitude Ag(Ay, 4,) of F4[g(x,y)], and calculate the FRFT with the order —a. As a result, we get

the new image f; (x,y) = F~[4, (/1,(, Ay)ei‘pf (AX'AY)]. The results for different values of the parameter
a are shown in Figure 3.

In classical Fourier transform (a = 1) the phase contains information about the edges of image.
For the fractional Fourier transform, a different amount of information about the edges can contain both
the phase and the magnitude, depending on the value of the parameter a. If |a| is close to 1, then the
phase of the FRFT phase contains more information about the image than the FRFT magnitude. When
a is close to 0 or 2 the phase contains less information about the image. If a = 0 FRFT is the identity
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operator, if a = 2 FRFT becomes reflection mapping. In these cases, FRFT phase values are real, not
complex. The phase is equal zero and the magnitude contains all information about the given image.
FRFT function is periodical. The period is equal 4. F4[f(x,y)] = F*™o44[f(x, y)].

FRFT Phase L, FRFT FRFT Phase B, FREFT FRFT Phase L, FRFT FRFT Phase B, FRFT
magnitude B magnitude B magnitude L

a=1
Figure 3: Synthesis of the FRFT phase and FRFT magnitude of different images. L — Lena image, B —
Baboon image

4. Phase correlation method

Phase correlation method is usually used to find matches between translated, rotated and scaled
images [24]. Let f(x,y) and g(x,y) are the initial signals. The Fourier transform is a special case of
the fractional Fourier transform for a = 1, and the inverse Fourier transform is the fractional Fourier
transform for a = —1. Therefore F(,, 4,) = F*[f(x,)] and G(A,, A, ) = F*[g(x,y)] are the Fourier
transforms of the original signals. The cross-phase spectrum is defined as

F(Ax,Ay)G(Ay,A i -
RFG (Ax! Ay) — W — el(¢F(lx'ly) ¢G(/1xv/1y)),
where ¢p (lx, ly) and ¢g (Ax, Ay) are the Fourier transform phases of F(A,4,) and G(Ax, ly).
Rpg (lx, ly) is the spectral function with the unit magnitude, and its phase is equal to the difference of
the Fourier transforms phases of the original signals. The inverse Fourier transform of Rp¢ (/'lx, /13,) is
called as phase-only correlation function (POC-function) or phase correlation function:
POC(f,9) = F*[Re¢ (A Ay)]-

If two images are similar to each other, then the phase correlation function has a strong peak. The peak
value determines the image similarity measure, and its position determines the image shift value.

19-22 cenmsbps 2022, Pazanw, Poccus

691



Biomedical Image Processing and Analysis GraphiCon 2022

Let's consider the example taking Lena image size 512 X 512 pixels and the same image with the
cyclic shifts of 40 pixels along the horizontal axis and 30 pixels along the vertical axis (Figure 4). Then
we calculate POC-function for a given pair of images (Figure 5).

Figure 4: Lena and cyclically shifted Lena
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Figure 5: POC function values for Lena and cyclically shifted Lena

The resulting graph shows the single strong peak of the POC function. It means that the tested
images are similar to each other. The peak is shifted by a vector (40,30) from the center, that means the
displacement (40,30) between the tested images.

Let’s consider the alternative approach to calculating the phase correlation function. We also take
two original functions f(x,y) u g(x,y). Next, we introduce a new function g,(x,y) = g(—x, —y).
Then we calculate the Fourier transforms for the functions g;(x,y) and f(x,y): G; (Ax,ly) =

Fl[g,(x,y)] and F (Ax,ly) = F[f(x,y)]. After that we calculate the values of the spectral function
Rp¢ (Ax, /13,) by the formula [6]
F(Ax, /13,)61 (A Ay)

R FG A ,A = .
(% 2,) |F (A, 1) G1 (A 1))
Then we apply the inverse Fourier transform to Rp¢ (Ax, Ay)and obtain the POC-function calculated
in the alternative way.

5. Fractional phase correlation method

The generalization of the phase correlation method for the fractional Fourier transform is described
in [6] and is called as the fractional phase correlation method. This method uses the fractional Fourier
transform of different orders instead of the classical Fourier transform. We use the analogue of second
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method to calculate the fractional phase correlation function. Let F (Ax,ly) =Ff(x,y)],

G1 (2, Ay) = F27%[g, (x,y)]. Thus the cross-spectral function can be obtained as
_ F(AeAy)Gi(Axdy)
Rre (Ax'/ly) TPy )61 (Ao dy)|
Next, we calculate the fractional phase correlation function (fractional POC-function) using the
fractional Fourier transform with a = —1:
POC(f, 9) = F " [Reg(2x Ay)].

Figure 6 shows examples of fractional POC function for Lena and cyclically shifted Lena. The
parameters a = 0.99, a = 0.97 were used. The false peak of the fractional phase correlation function
appears in the center of the image when the value of the parameter |a| decreases to zero.

To evaluate the results, we denote the maximum value of the fractional POC-function as max;

and the second largest local maximum as max,. Their ratio is v = Zzil The point (Ax, Ay) will be
2

considered as the point of the local maximum of FRFT if the value of FRFT at this point is greater than

the values at all other points (i,/),i = Ay — 4,..., A4, + 4, j =1, — 4, .., A, + 4. This idea helps us to

exclude the situation with multiple peaks (Figure 7).
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Figure 6: The values of the fractional POC-function at a = 0.99 (left) a = 0.97 (right) for Lena and the
cyclically shifted Lena images

Figure 7: The example of multiple peaks

6. The comparison of phase correlation and fractional phase correlation
methods

To evaluate the order a for calculating the fractional POC-function we use the normalized iris
images from the CASIA-IrisV4-Interval database [19]. Figure 8 illustrates the preprocessing of iris
images [25].The algorithm detects iris pupil, eyelashes, eyelids, and then the iris image is normalized
into a fixed-size rectangle image, then the contrast enhancement is provided. The example of two
normalized iris images of one eye is shown in Figure 9.
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Figure 9: Two normalized iris images of one eye

We take a part of the database [19] and compare each iris image with all other iris images. For
each compared pair, we use different orders a for the fractional Fourier transform. Then we calculate

the fractional POC function, find the values of max; and max, and get their ratio v = 7271 Next, for

ax,
each value of the parameter a, we calculate the average value vy,,,,. In Figure 10 the dependence

between the average values vy,.q,(a) and the values of the parameter a is demonstrated. The green
solid line shows the dependence for intraclass comparisons, while the red dotted line shows it for the
interclass comparisons.

3.5 T T T T T 1.35
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0.94 0.95 0.96 0.97 0.98 0.99 1

8.94 0.;)5 0.;)6 0.!‘37 0.98 0,;)9 1
(a) (b)
Figure 10: (a) Distribution of mean values v,,;04n- The abscissa shows the values of the order a of the
fractional Fourier transform. The ordinates are V.4, Green solid line - intraclass comparison, red
dotted line - interclass comparison; (b) The difference between the green and red lines

The ratio v = % is more for images of one eye than for different eye images. The values for
2

a = 0.98 and a = 0.99 are better than for a = 1. The value a = 1 corresponds to phase correlation
method, so the use of fractional POC function allows us to obtain better results than the use of POC
function. The best difference between v, (@) for pairs of images for one eye and vy, (@) for pairs
of images for different eyes is achieved for a = 0.98 (Figure 10 b). The graph in Figure 10 b shows
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that the difference between the average values vy, oqn(a) for a = 1is less than vy eqn(a) for a =
0.97;a = 0.98; a = 0.99. For example, for normalized iris images from Figure 9 the values v, 04, (@)
for some a are presented in Table 1.

Table 1
Dependence of v on a for images from Figure 9
a v
1 1.4245
0.99 1.6554
0.98 1.1270

The fractional POC functions for the taken images are presented in Figure 11 However if we take
the order a = 0.97 we will have the wrong peak that does not correspond to the shift between images

f \“ k ||”- H&)l .h" H l‘
R
b\,‘ }!; " Iy‘ '\”J }‘ M j:" "01

i Il “‘ ‘

600

Figure 11: Fractional POC functions for different parameter values a for images from Fig. 9: (a) a=1 (b)
a=0.99 (c) a=0.98 (d) a=0.97

As the result, we can conclude that the values of the fractional POC function can be more
informative using the orders a = 0.99, a = 0.98. With these values of a, the fractional Fourier
transform phase still contains a significant information about the image’s edges, but the noisy
information about high frequencies is no longer available. This allows us to blur images and improve
the quality of image matching using the fractional POC function.
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7. Conclusion

In the article the synthesis of FRFT phase and FRFT magnitude for different images is presented.
The fractional phase correlation is compared to the phase correlation for normalized iris images
matching. The selection of optimal parameter for fractional POC function is proposed. The results show
that the use of fractional POC function can be promising in image analysis and biometrics.
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