
F_lh^u \bamZebaZpbb lj_of_jguo ^Zgguo gZ ^_dZjlh\uo ehdZevgh
baf_evq_gguo k_ldZo
:e_dkZg^j >y^vdbg/ :e_dk_c =m^ah\kdbc

Bgklblml Z\lhfZlbaZpbb ijh_dlbjh\Zgby J:G
Fhkd\Z/ Jhkkby

:gghlZpby
H[km`^Zxlky f_lh^u \bamZebaZpbb kdZeyjgh]h

ihey/ aZ^Zggh]h \ p_gljZo yq__d Z^Zilb\ghc ^_dZjlh\hc
k_ldb k ehdZevguf baf_evq_gb_f yq__d1 EhdZevgh_
baf_evq_gb_ fh`_l/ \ qZklghklb/ bkihevah\Zlvky ^ey
memqr_gby bah[jZ`_gby kdZeyjgh]h ihey1 Ijhp_^mjZ
ehdZevgh]h baf_evq_gby yq__d khijh\h`^Z_lky
bgl_jiheypb_c ^Zgguo/ \ oh^_ dhlhjhc ijhbkoh^bl
bkdZ`_gb_ bgnhjfZpbb1 Ijb\_^_gu j_amevlZlu
bkke_^h\Zgby \ebygby ehdZevgh]h jZa[b_gby k_ldb b
kihkh[Z bgl_jiheypbb ^Zgguo gZ dZq_kl\h
ihemqZ_fh]h bah[jZ`_gby ^ey jZaebqguo kihkh[h\
\bamZebaZpbb kdZeyjgh]h ihey1

Dexq_\u_ keh\Z= h[t_fgZy \bamZebaZpby/ ehdZevgh
baf_evq_ggZy k_ldZ/ bgl_jiheypby ^Zgguo1

1. <<?>?GB?
H^gh ba i_jki_dlb\guo gZijZ\e_gbc

\uqbkebl_evghc ]b^jh^bgZfbdb k\yaZgh k
ijbf_g_gb_f ^_dZjlh\uo k_lhd k Z^Zilb\guf
ehdZevguf baf_evq_gb_f yq__d1 EhdZevgh
baf_evq_ggu_ k_ldb +EBK, aZgbfZxl ijhf_`mlhqgh_
iheh`_gb_ f_`^m kljmdlmjbjh\Zggufb ^_dZjlh\ufb
k_ldZfb b g_kljmdlmjbjh\Zggufb dhg_qgh0
we_f_glgufb k_ldZfb/ qlh iha\hey_l khq_lZlv
^hklhbgkl\Z ih^oh^h\/ hkgh\Zgguo gZ jZaguo lbiZo
k_lhd >4@1 >ey ZgZebaZ ^Zgguo/ ihemq_gguo gZ lZdhc
k_ld_/ lj_[m_lky jZajZ[hldZ khhl\_lkl\mxsbo f_lh^u
\bamZebaZpbb1 < jZ[hl_ jZkkfZljb\Zxlky f_lh^u
ihkljh_gby bahih\_joghklb b h[t_fghc \bamZebaZpbb

kdZeyjghc nmgdpbb/ aZ^Zgghc gZ ehdZevgh
baf_evq_gghc k_ld_1
< jZa^_e_ 5 djZldh hibku\Z_lky kljmdlmjZ EBK1 <

jZa^_e_ 6 ijb\_^_gZ l_ogheh]by ihkljh_gby
bahih\_joghklb b h[t_fgh]h bah[jZ`_gby kdZeyjghc
\_ebqbgu gZ aZ^Zgghc EBK1 J_amevlZlu/ ihemq_ggu_
^ey l_klh\h]h h[t_dlZ/ ZgZebabjmxlky \ jZa^_e_ 71 <
jZa^_e_ 714 jZkkfZljb\Z_lky \ebygb_ mjh\gy
baf_evq_gby gZ dZq_kl\h bah[jZ`_gby/ Z \ jZa^_e_ 715 0
jhev f_lh^Z bgl_jiheypbb1 < aZdexq_gb_ \ jZa^_e_ 8
ih^\_^_gu blh]b b k^_eZgh aZdexq_gb_1

2. K?LD: K EHD:EVGUF
BAF?EVQ?GB?F
Ihkljh_gb_ ijyfhm]hevghc k_ldb k ehdZevguf

baf_evq_gb_f ijh\h^blky ke_^mxsbf h[jZahf1
I_j\hgZqZevgh \ h[eZklb kljhblky ^_dZjlh\Zy k_ldZ/
bf_gm_fZy ^Ze__ k_ldhc k baf_evq_gb_f mjh\gy 31
AZl_f \u^_eyxlky ih^h[eZklb/ \ dhlhjuo g_h[oh^bfZ
[he__ f_edZy k_ldZ1 GZijbf_j/ hgb fh]ml [ulv k\yaZgu
k hkh[_gghklyfb ]_hf_ljbb beb ihe_c jZkq_lguo
\_ebqbg1
GZ wlZi_ baf_evq_gby dZ`^Zy yq_cdZ/ ihiZ\rZy \

\u^_e_ggu_ ih^h[eZklb/ ^_eblky gZ ; jZ\guo ^hq_jgbo
yq__d +Jbk14,1 Ihemq_ggu_ ihke_ jZa[b_gby yq_cdb
mjh\gy 4 lZd`_ fh]ml [ulv jZa^_e_gu k h[jZah\Zgb_f
yq__d mjh\gy 5 b lZd ^Ze__1 Ijb g_h[oh^bfhklb fh`_l
ijhbkoh^blv b kebygb_ jZg__ jZa[bluo yq__d1 Ijb
]_g_jZpbb EBK gZdeZ^u\Z_lky mkeh\b_/ qlh yq_cdb/
]jZgbqZsb_ ]jZgyfb b j_[jZfb/ bf_xl ghf_jZ
mjh\g_c/ hlebqZxsb_ky g_ [he__/ q_f gZ _^bgbpm1
Kms_kl\_gguf hlebqb_f EBK hl k_lhd ^jm]bo

x
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z
Yq_cdZ k mjh\g_f
jZa[b_gby 3

Yq_cdZ k mjh\g_f
jZa[b_gby 4

Yq_cdZ k mjh\g_f
jZa[b_gby 5

Yq_cdZ k mjh\g_f
jZa[b_gby 6

Jbk1 41 :^Zilb\gZy k_ldZ k ehdZevguf baf_evq_gb_f
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lbih\ y\ey_lky lh/ qlh qbkeh khk_^gbo yq__d EBK
fh`_l [ulv jZaguf1 Khk_^gbfb [m^_f gZau\Zlv
yq_cdb/ dhlhju_ khijbdZkZxlky k ^Zgghc yq_cdhc ih
]jZgyf/ j_[jZf beb \_jrbg_1 >ey yq_cdb EBK \
lj_of_jghf kemqZ_ qbkeh khk_^_c ih ]jZgb jZ\gh 4 beb
7/ ih j_[jm 0 3/ 4 beb 5/ ih \_jrbg_ 0 3 beb 41 Wlh
h[klhyl_evkl\h mkeh`gy_l jZ[hlm k EBK1
Ihe_ kdZeyjghc nmgdpbb aZ^Z_lky \_ebqbgZfb \

p_gljZo yq__d1 JZa[b_gb_ b kebygb_ yq__d
khijh\h`^Z_lky i_j_ghkhf ^Zgguo k h^ghc k_ldb gZ
^jm]mx1 Bgl_jiheypby ^Zgguo ijb\ghkbl bkdZ`_gby/
k\yaZggu_ k l_f/ qlh ijb dZ`^hf Zdl_ bgl_jiheypbb
\uqbkeyxlky agZq_gby \ gh\uo lhqdZo/ Z agZq_gby \
klZjuo lhqdZo bkdexqZxlky1

3. F?LH>U IHKLJH?GBY
BAH;J:@?GBC >:GGUO/
HIJ?>?E?GGUO G: EBK
< ^Zgghf jZa^_e_ jZkkfhlj_gu l_ogheh]bb

ihkljh_gby bahih\_joghklb b h[t_fgh]h bah[jZ`_gby
^ey ^Zgguo/ hij_^_e_gguo gZ EBK1
Ba0aZ lh]h/ qlh/ yq_cdb EBK fh]ml khijbdZkZlvky k

jZaguf dhebq_kl\h khk_^gbo yq__d/ ijb ihkljh_gbb
bahih\_joghklb g_evay bkihevah\Zlv f_lh^u/
hjb_glbjh\Zggu_ gZ k_ldb k nbdkbjh\Zgghc
kljmdlmjhc +gZijbf_j/ ³PDUFKLQJ FXEHV´ ^ey
^_dZjlh\hc k_ldb >5@,1 Gb`_ \ jZa^_e_ 614 hibku\Z_lky
kihkh[ ihkljh_gby bahih\_joghklb gZ k_ld_ k
ehdZevguf baf_evq_gb_f1
Ijb ihkljh_gbb h[t_fgh]h bah[jZ`_gby kljmdlmjZ

k_ldb \eby_l gZ f_lh^ \uqbke_gby hilbq_kdhc
iehlghklb \^hev emqZ/ jZkkfhlj_gguc \ jZa^_e_ 6151

3.1 L_ogheh]by ihkljh_gby
bahih\_joghklb gZ k_ld_ k ehdZevguf
baf_evq_gb_f
Ihkljh_gb_ bahih\_joghklb khklhbl ba ke_^mxsbo

wlZih\=
41 <ky h[eZklv jZa[b\Z_lky gZ gZ[hj fgh]h]jZggbdh\/
dhlhju_ iheghklvx aZihegyxl \_kv h[t_f1

51 <gmljb dZ`^h]h fgh]h]jZggbdZ gZoh^blky
kh\hdmighklv fgh]hm]hevgbdh\ +nZk_lhd,/
h[jZamxsbo bahih\_joghklv1

61 < \_jrbgZo nZk_lhd gZoh^ylky \_dlhjZ ghjfZeb d
bahih\_joghklb b nZk_ldb aZdjZrb\Zxlky ih
Nhg]m1

71 NZk_ldb \u\h^ylky gZ wdjZg k bkihevah\Zgb_f =0
[mn_jZ1
Ih^jh[g__ hklZgh\bfky gZ i_j\hf wlZi_1

Ijbf_gy_fuc \ gZklhys_c jZ[hl_ f_lh^ ^_dhfihabpbb
h[eZklb gZ fgh]h]jZggbdb hkgh\Zg gZ kljmdlmj_ k_ldb
k ehdZevguf baf_evq_gb_f b khklhbl ba ke_^mxsbo
rZ]h\1
41 Ihke_^h\Zl_evgh h[oh^ylky \k_ yq_cdb1 >ey
l_dms_c yq_cdb k p_gljhf \ lhqd_ : gZoh^ylky \k_
khk_^gb_ yq_cdb/ dhlhju_ ]jZgbqZl k g_c eb[h ih

]jZgyf/ eb[h ih j_[jZf/ eb[h ih \_jrbg_/
jZkiheh`_gguf \ gZijZ\e_gbb \hajZklZgby
dhhj^bgZl1 P_glju \k_o gZc^_gguo yq__d +\dexqZy
lhqdm :,/ dhlhju_ ]jZgbqZl ^jm] k ^jm]hf ih
]jZgyf/ kh_^bgyxlky hlj_adZfb1 Wlb hlj_adb
h[jZamxl ]jZgb g_\uimdeh]h fgh]h]jZggbdZ1
Fgh`_kl\h lZdbo fgh]h]jZggbdh\/ ihkljh_gguo
^ey \k_o yq__d/ aZihegy_l \_kv h[t_f jZkq_lghc
h[eZklb1 Ihemq_ggu_ fgh]h]jZggbdb fh]ml bf_lv
hl 8 ^h 53 \_jrbg/ bo ]jZgb bf_xl nhjfm
lj_m]hevgbdZ beb q_luj_om]hevgbdZ1 DZ`^uc
fgh]h]jZggbd jZa[b\Z_lky gZ l_ljZw^ju lZd/ qlh[u
khk_^gb_ l_ljZw^ju bf_eb kh\iZ^Zxsb_ ]jZgb1 WlZ
hi_jZpby hibkZgZ \ ^\mo ke_^mxsbo imgdlZo1

51 DZ`^Zy ba ]jZg_c fgh]h]jZggbdZ jZa[b\Z_lky gZ
gZ[hj lj_m]hevgbdh\/ khklhysbo ba j_[_j/
ihkljh_gguo gZ wlZi_ 4/ b ^hihegbl_evguo j_[_j1
Ihke_^gb_ h[jZamxlky ijb kh_^bg_gbb lhqdb k
fbgbfZevgufb dhhj^bgZlZfb ^ey ^Zgghc ]jZgb kh
\k_fb hklZevgufb lhqdZfb1 LZdhc ijb_f
]ZjZglbjm_l/ qlh ijb i_j_oh^_ d ke_^mxs_c yq_cd_
khijbdZkZxsb_ky ]jZgb [m^ml kh\iZ^Zlv1
Kh\iZ^_gb_ ]jZg_c khk_^gbo l_ljZw^jh\
]ZjZglbjm_l/ qlh \ f_kl_ kludZ l_ljZw^jh\ [m^ml
hlkmlkl\h\Zlv jZaju\u bahih\_joghklb1

61 >Ze__ kljhylky l_ljZw^ju/ h^ghc ba \_jrbg
dhlhjuo y\ey_lky lhqdZ :/ Z hkgh\Zgb_f 0
lj_m]hevgbdb/ ihemq_ggu_ gZ ij_^u^ms_f wlZi_ b
g_ kh^_j`Zsb_ lhqdm :1
GZ \lhjhf wlZi_ ijb ihkljh_gbb bahih\_joghklb

\gmljb dZ`^h]h l_ljZw^jZ \hafh`gu ljb kemqZy=
bahih\_joghklv g_ ijhoh^bl q_j_a l_ljZw^j/
i_j_k_q_gb_ bahih\_joghklb k l_ljZw^jhf h[jZam_l
lj_m]hevgbd beb q_luj_om]hevgbd1 < ihke_^g_f kemqZ_
q_luj_om]hevgbd ij_^klZ\ey_lky \ \b^_ ^\mo
lj_m]hevgbdh\1
Ihkljh_gb_ bah[jZ`_gby bahih\_joghklb

ijhba\h^blky k bkihevah\Zgb_f =0[mn_jZ1 Wlh
iha\hey_l h^gh\j_f_ggh \u\h^blv gZ wdjZg g_kdhevdh
jZaebqguo bahih\_joghkl_c b ^h[Z\eylv \ jbkmghd
gh\u_ bahih\_joghklb b ^jm]b_ we_f_glu
bah[jZ`_gby1 Ijb ihkljh_gbb bah[jZ`_gby m]he
hk\_s_gby ijbgbfZ_lky jZ\guf m]em aj_gby1

3.2 L_ogheh]by ihkljh_gby h[t_fgh]h
bah[jZ`_gby k bkihevah\Zgb_f EBK
< gZklhys_c jZ[hl_ h[t_fgZy \bamZebaZpby

jZkq_lghc h[eZklb ijh\h^blky iml_f ihkljh_gby __
³j_gl]_gh]jZffu´1 >ey ihkljh_gby bah[jZ`_gby \
jZkq_lghc h[eZklb aZ^Z_lky hij_^_e_ggZy k\yav f_`^m
dhwnnbpb_glhf ih]ehs_gby b \bamZebabjm_fhc
oZjZdl_jbklbdhc1 >Ze__ ^ey emqZ/ \uims_ggh]h ba
dZ`^h]h ibdk_ey wdjZgghc iehkdhklb b
i_ji_g^bdmeyjgh]h _c/ \uqbkey_lky hilbq_kdZy
iehlghklv hlj_adZ/ ijboh^ys_]hky gZ jZkq_lgmx
h[eZklv1 Hilbq_kdZy iehlghklv gZoh^blky
bgl_]jbjh\Zgb_f dhwnnbpb_glZ ih]ehs_gby \^hev
emqZ1 IhemqZ_fh_ bah[jZ`_gb_ ZgZeh]bqgh
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bah[jZ`_gbx \ j_gl]_gh\kdhf ZiiZjZl_/ k q_f b
k\yaZgh bkihevam_fh_ gZfb gZbf_gh\Zgb_1
LZd dZd agZq_gby kdZeyjghc nmgdpbb aZ^Zgu gZ

^bkdj_lghc ijyfhm]hevghc k_ld_/ lh ^ey hij_^_e_gby
hilbq_kdhc iehlghklb \^hev emqZ bkihevah\Zeky
ke_^mxsbc Ze]hjblf1
4,  >ey dZ`^h]h ibdk_ey bah[jZ`_gby aZ^Z_lky emq
i_ji_g^bdmeyjguc wdjZgghc iehkdhklb1

5,  GZoh^blky lhqdZ \oh^Z wlh]h emqZ \ jZkq_lgmx
h[eZklv1

6,  Hij_^_ey_lky yq_cdZ k_ldb/ \ dhlhjmx \oh^bl wlZ
lhqdZ b gZoh^blky lhqdZ \uoh^Z emqZ ba yq_cdb1

4,  Ihkj_^kl\hf bgl_jiheypbb agZq_gbc nmgdpbb \
^Zgghc yq_cd_ b hdjm`Zxsbo __ khk_^yo
hij_^_eyxlky agZq_gby kdZeyjghc nmgdpbb \
lhqdZo \oh^Z b \uoh^Z emqZ1 Hilbq_kdZy iehlghklv
emqZ ijb ijhoh`^_gbb yq_cdb hij_^_ey_lky dZd

( )r f f r ropt
i

in out out in= + −0 5. ( ) 1

5,  Ih lhqd_ \uoh^Z ba yq_cdb hij_^_ey_lky ke_^mxsZy
yq_cdZ/ \ dhlhjmx ihiZ^_l emq1

6,  >ey \gh\v ihemq_gghc yq_cdb \uihegyxlky rZ]b 60
8 ^h l_o ihj/ ihdZ emq g_ \uc^_l ba h[eZklb1

7,  Hij_^_ey_lky ihegZy hilbq_kdZy iehlghklv \^hev
emqZ r ropt opt

i

i

= ∑ 1

Ih hilbq_kdbf iehlghklyf \^hev emq_c/
ijhoh^ysbo q_j_a \k_ ibdk_eb bah[jZ`_gby/ gZoh^ylky
p\_lZ wlbo ibdk_e_c b nhjfbjm_lky bah[jZ`_gb_1

4. :G:EBA J?AMEVL:LH<
< dZq_kl\_ l_klh\h]h h[t_dlZ \bamZebaZpbb

jZkkfZljb\Z_lky kn_jbq_kdb kbff_ljbqgh_
jZkij_^_e_gb_ kdZeyjZ1 Wlh jZkij_^_e_gb_ m^h[gh \
dZq_kl\_ l_klZ l_f/ qlh ^ey g_]h ba\_klgu lhqgu_
bah[jZ`_gby bahih\_joghklb b dZjlbgu ijb h[t_fghc
\bamZebaZpbb1 Wlh h[klhyl_evkl\h ^_eZ_l \hafh`guf
\\_klb dhebq_kl\_ggmx hp_gdm dZq_kl\Z bah[jZ`_gbc/
ihemq_gguo jZaebqgufb f_lh^Zfb1
JZkkfhljbf h[eZklv jZaf_jhf 413×413×413/ \

dhlhjhc k_ldZ k baf_evq_gb_f mjh\gy 3 bf__l \b^

^_dZjlh\hc k_ldb jZaf_jghklvx 43×43×43 k
ihklhygguf rZ]hf1 < h[eZklb aZ^Zgh jZkij_^_e_gb_
+bf_gm_fh_ ^Ze__ ZgZeblbq_kdbf, kdZeyjghc nmgdpbb

( )F x y z
r

r
, , = −1

0

/

+4,
]^_ r x x y y z z= − + − + −( ) ( ) ( )0

2
0

2
0

2 / [3 318/
\3 318/ ]3 318/ U3 3161
K_ldZ mjh\gy 3 y\ey_lky ]jm[hc 0 gZ bahih\_joghklv

)+[/\/], 3 ijboh^blky \k_]h ih r_klv yq__d \ dZ`^hf
gZijZ\e_gbb1
Bahih\_joghklv jbkm_lky hibkZgguf \ur_ f_lh^hf

\ \b^_ gZ[hjZ nZk_lhd k aZdjZkdhc ih Nhg]m1 <_ebqbgZ
ghjfZeb \ m]eZo nZk_lhd hij_^_ey_lky qbke_gguf
^bnn_j_gpbjh\Zgb_f kdZeyjgh]h ihey/ aZ^Zggh]h \
p_gljZo yq__d1 AgZq_gby nmgdpbb \ p_gljZo yq__d
gZoh^ylky eb[h ba +4,/ eb[h iml_f bgl_jiheypbb
^Zgguo1
Lhqgh_ bah[jZ`_gb_/ y\eyxs__ky wlZehghf ^ey

kjZ\g_gby bah[jZ`_gbc/ ihemq_gguo jZagufb
f_lh^Zfb/ kljhblky g_ihkj_^kl\_ggh ih nmgdpbb +4,1
GZ Jbk15 ijb\_^_gh kjZ\g_gb_ bah[jZ`_gby

bahih\_joghklb )+[/\/], 3/ ihemq_ggh]h ih ^Zgguf gZ
k_ld_ mjh\gy 3 +Jbk15Z, k wlZehgguf1 Jbk1 5\
ij_^klZ\ey_l kh[hc bah[jZ`_gb_ hldehg_gby hl
wlZehgZ1 Ijb _]h ihkljh_gbb p\_l ibdk_ey hldehg_gby
jZ\_g fh^mex jZagbpu p\_lh\ ibdk_ey kjZ\gb\Z_fh]h
bah[jZ`_gby b wlZehgZ/ mfgh`_gghfm ^ey [hevr_c
gZ]ey^ghklb gZ 71 ;he__ l_fgu_ h[eZklb bah[jZ`_gby
khhl\_lkl\mxl [hevr_fm hlebqbx hl wlZehgZ1
KmffZ bg^_dkh\ p\_lh\ \k_o ibdk_e_c bah[jZ`_gby

hldehg_gby 6 y\ey_lky dhebq_kl\_gghc bgl_]jZevghc
oZjZdl_jbklbdhc lhqghklb ihkljh_ggh]h bah[jZ`_gby1
>ey [hevr_c gZ]ey^ghklb \ ^Zevg_cr_f fu [m^_f __
ghjfbjh\Zlv gZ \_ebqbgm 63/ khhl\_lkl\mxsmx
dZq_kl\m bah[jZ`_gby/ ijb dhlhjhf p\_l dZ`^h]h
ibdk_ey hlebqZ_lky hl wlZehgZ gZ 4(1 Hlghkbl_evgmx
bgl_]jZevgmx oZjZdl_jbklbdm dZq_kl\Z bah[jZ`_gby
6263 [m^_f gZau\Zlv hrb[dhc bah[jZ`_gby1 >ey
ijb\_^_ggh]h gZ Jbk15 bah[jZ`_gby 6263 61<71

Z, [, \,
Jbk1 51 Bah[jZ`_gb_ bahih\_joghklb )+[/ \/ ], 3 gZ k_ld_ mjh\gy 3> +Z, 0 ZgZeblbq_kdh_ jZkij_^_e_gb_/ +[, 0

wlZehggh_ bah[jZ`_gb_/ +\, 0 hldehg_gb_ hl wlZehgZ1
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Ijb h[t_fghc \bamZebaZpbb \ dZq_kl\_ l_klh\h]h
aZ^Z\Zehkv ^jm]h_ jZkij_^_e_gb_

( )F x y z
r

r
r r

r r
, ,

,

,
= − ≤

>







1

0
0

0

0

 if  

       if  
1

+5,
A^_kv lZd`_ fh`gh \\_klb ihgylb_ wlZehgZ

+bah[jZ`_gb_/ ihkljh_ggh_ ih nmgdpbb +5,, b hrb[db
bah[jZ`_gby1 GZ Jbk16 \ dZq_kl\_ ijbf_jZ ijb\_^_gu
h[t_fgh_ bah[jZ`_gb_ jZkij_^_e_gby +5,/ _]h
b^_Zevgh_ bah[jZ`_gb_ b jZagbpZ f_`^m gbfb +hrb[dZ
bah[jZ`_gby,1 >ey wlh]h ijbf_jZ 6263 51441

4.1 <ebygb_ mjh\gy ehdZevgh]h
baf_evq_gby gZ dZq_kl\h bah[jZ`_gby
< bah[jZ`_gbb hldehg_gby hl wlZehgZ gZ Jbk1 5 b 6

ykgh ijhklmiZ_l kljmdlmjZ nZk_lhd/ h[jZamxsbo
bahih\_joghklv/ b kljmdlmjZ k_ldb/ gZ dhlhjhc aZ^ZgZ
bah[jZ`Z_fZy nmgdpby1
LZd dZd ijb baf_evq_gbb k_ldb oZjZdl_jgu_

jZaf_ju we_f_glh\/ khklZ\eyxsbo bah[jZ`_gb_ +^ey
bahih\_joghklb 0 wlh jZaf_ju nZk_lhd, mf_gvrZxlky/
lh fh`gh h`b^Zlv memqr_gby dZq_kl\Z ihemqZ_fh]h
bah[jZ`_gby1
GZ Jbk17 ihdZaZgu hldehg_gby hl wlZehgZ ^ey

ZgZeblbq_kdh]h jZkij_^_e_gby +4, gZ k_ld_ k
ehdZevguf baf_evq_gb_f mjh\gy 3/ 4 b 51 <b^gh/ qlh k

jhklhf mjh\gy jZa[b_gby k_ldb bah[jZ`_gb_
bahih\_joghklb memqrZ_lky/ h^gZdh jZagbpZ f_`^m
Jbk1 7[ b Jbk1 7\ fZeZ1 Wlh k\yaZgh k l_f/ qlh nZk_ldb
bahih\_joghklb/ klZgh\ylky kjZ\gbfufb ih jZaf_jm k
ibdk_eyfb bah[jZ`_gby b bo ^Zevg_cr__ mf_gvr_gb_
g_ ijb\h^bl d aZf_lghfm wnn_dlm1
GZ Jbk18 ihdZaZgu bah[jZ`_gby hldehg_gby hl

wlZehgZ ijb h[t_fghc \bamZebaZpbb ZgZeblbq_kdh]h
jZkij_^_e_gby +5, gZ k_ld_ k ehdZevguf baf_evq_gb_f
3/ 4 b 5 mjh\gy1 <b^gh/ qlh jZa[b_gb_ k_ldb mkljZgy_l
hrb[db bah[jZ`_gby/ \ghkbfu_ kljmdlmjhc gZqZevghc
k_ldb1

4.2 <ebygb_ f_lh^Z aZ^Zgby ^Zgguo
gZ dZq_kl\h bah[jZ`_gby
< ijb\_^_gguo \ur_ ijbf_jZo kdZeyjgZy nmgdpby

aZ^Z_lky \h \gh\v h[jZam_fuo ijb baf_evq_gbb
yq_cdZo k ihfhsvx +4, b +5,1 Gh ijb jZ[hl_ k ^Zggufb/
ihemq_ggufb \ j_amevlZl_ j_r_gby jZkq_lguo aZ^Zq
bf__lky lhevdh ^bkdj_lgh_ jZkij_^_e_gb_ ^Zgguo gZ
k_ld_ g_dhlhjh]h mjh\gy1 < wlhf kemqZ_ ijb
ihkljh_gbb bah[jZ`_gby gZ baf_evq_gghc k_ld_
g_h[oh^bfh ijbf_gylv ijhp_^mjm bgl_jiheypbb/
dhlhjZy \ghkbl bkdZ`_gby \ bah[jZ`_gb_1
Imklv bkoh^gh_ jZkij_^_e_gb_ kdZeyjghc nmgdpbb

aZ^Zgh gZ k_ld_ mjh\gy 31 Bah[jZ`_gb_ gZ k_ld_ mjh\gy
4 kljhblky k ijbf_g_gb_f h^ghc ba ke_^mxsbo
ijhp_^mj bgl_jiheypbb ^Zgguo=

Z, [, \,
Jbk1 61 H[t_fgh_ bah[jZ`_gb_ gZ k_ld_ mjh\gy 3> +Z, 0 ZgZeblbq_kdh_ jZkij_^_e_gb_/ +[, 0 wlZehggh_

bah[jZ`_gb_/ +\, 0 hldehg_gb_ hl wlZehgZ

Z, [, \,
Jbk1 71 Bahih\_joghklv )+[/ \/ ], 3 b hldehg_gb_ hl wlZehgZ ^ey jZaebqguo mjh\g_c jZa[b_gby k_ldb/ +Z, 0

mjh\_gv 3/ +[, 0 mjh\_gv 4/ +\, 0 mjh\_gv 5
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• ebg_cgZy bgl_jiheypby +EB,>
• dhgk_j\Zlb\gZy ebg_cgZy bgl_jiheypby +DEB,>
• ]jZ^b_glgZy bgl_jiheypby +=B,1
Ijb ebg_cghc bgl_jiheypbb agZq_gb_ nmgdpbb \

p_glj_ ; ^hq_jg_c yq_cdb gZoh^blky bgl_jiheypb_c ih
agZq_gbyf \ \_jrbgZo l_ljZw^jZ/ dhlhjufb y\eyxlky
p_glju yq__d ij_^u^ms_]h mjh\gy +Jbk19,1 L_ljZw^ju
kljhylky ih l_ogheh]bb/ hibkZgghc \ jZa^_e_ 6141
AgZq_gb_ nmgdpbb \ lhqd_ ; jZ\gh

( ) ( ) ( )f a f f b f f c f f fX B A C A D A A= − + − + − +
]^_ D/ E/ F 0 dhwnnbpb_glu jZaeh`_gby \_dlhjZ $; ih
[Zah\uf \_dlhjZf $%/ $&/ $'> I$/ I%/ I&/ I' 0 agZq_gby
nmgdpbb \ \_jrbgZo l_ljZw^jZ1
Ijb EB g_ \uihegy_lky aZdhg khojZg_gby/ l1_1

f V f Vi i
i

0 0
1

8

≠
=
∑ / ]^_ 9 0 h[t_f yq_cdb/ bg^_dk 3 hlghkblky

d i_j\hgZqZevghc yq_cd_/ Z bg^_dk L 0 d ^hq_jgbf
yq_cdZf1 Ihwlhfm jZkkfhlj_gZ dhgk_j\Zlb\gZy
ebg_cgZy bgl_jiheypby/ ebr_ggZy wlh]h g_^hklZldZ1
?keb f V f Vi i

i
0 0

1

8

0− = ≠
=
∑ δ / lh]^Z \uiheg_gby aZdhgZ

khojZg_gby fh`gh ^h[blvky \\h^y ihijZ\dm

I I
9L L

′ = +
δ

3

1

Lj_lbc/ ]jZ^b_glguc kihkh[ bgl_jiheypbb hkgh\Zg
gZ jZaeh`_gbb nmgdpbb \ jy^ L_cehjZ=

GZ Jbk1 :Z/[/\ ijb\_^_gu bah[jZ`_gby hlebqby
bahih\_joghklb hl wlZehgZ ^ey mihfygmluo f_lh^h\
bgl_jiheypbb1 Ijb EB hrb[dZ ghkbl
djmighfZkrlZ[guc oZjZdl_j/ Z ijb DEB 0
f_edhfZkrlZ[guc oZjZdl_j b agZqbl_evgh f_gvr_ ih
\_ebqbg_1 Hrb[dZ ijb bkihevah\Zgbb =B y\ey_lky
fbgbfZevghc ba \k_o jZkkfhlj_gguo f_lh^h\ b keZ[h
hlebqZ_lky hl hrb[db ijb ZgZeblbq_kdhf aZ^Zgbb
nmgdpbb1
GZ Jbk1 :]/^/_ ihdZaZgh hlebqb_ bahih\_joghklb hl

b^_Zevghc ^ey jZkkfZljb\Z_fuo f_lh^h\
bgl_jiheypbb ijb \lhjhf mjh\g_ jZa[b_gby k_ldb1
<b^gh/ qlh _keb gZ i_j\hf mjh\g_ jZa[b_gby
bah[jZ`_gb_ aZf_lgh memqrbehkv/ lh ijb \lhjhf
bgl_]jZevgZy hrb[dZ bah[jZ`_gby ^ey \k_o lbih\
bgl_jiheypbb m\_ebqbeZkv ijZdlbq_kdb \ ^\Z jZaZ ih
kjZ\g_gbx k bah[jZ`_gb_f ^ey i_j\h]h mjh\gy
baf_evq_gby k_ldb1
GZ Jbk1; ijb\_^_g ]jZnbd aZ\bkbfhklb

bgl_]jZevghc hrb[db hl mjh\gy jZa[b_gby k_ldb1 Wlb
aZ\bkbfhklb ^ey jZkkfhlj_gguo f_lh^h\ bgl_jiheypbb
bf_xl fbgbfmf/ gZoh^ysbcky f_`^m i_j\uf b
\lhjuf mjh\g_f jZa[b_gby1 Emqrb_ j_amevlZlu
ihemqZxlky ijb bkihevah\Zgbb ]jZ^b_glgh]h f_lh^Z
bgl_jiheypbb1
L_i_jv jZkkfhljbf \ebygb_ bgl_jiheypbb ijb

h[t_fghc \bamZebaZpbb ^Zgguo1 < wlhf kemqZ_
ijhp_^mjZ bgl_jiheypbb bkihevam_lky g_ lhevdh gZ
wlZi_ jZa[b_gby k_ldb/ gh b gZ wlZi_ ihkljh_gby kZfh]h
bah[jZ`_gby1 Ihwlhfm ^Z`_ ^ey gme_\h]h mjh\gy
jZa[b_gby k_ldb ihemqZxlky jZagu_ j_amevlZlu ^ey
jZkkfhlj_gguo f_lh^h\ bgl_jiheypbb1

Z, [, \,
Jbk1 81 Hldehg_gb_ h[t_fgh]h bah[jZ`_gby hl wlZehgZ ^ey jZaebqguo mjh\g_c jZa[b_gby k_ldb/

+Z, 0 mjh\_gv 3/ +[, 0 mjh\_gv 4/ +\, 0 mjh\_gv 5
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Jbk1 91 Ebg_cgZy bgl_jiheypby ^Zgguo ijb
ehdZevghf jZa[b_gbb k_ldb1
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GZ Jbk1 < ijb\_^_gu hrb[db bah[jZ`_gby \
aZ\bkbfhklb hl kihkh[Z bgl_jiheypbb ^Zgguo b mjh\gy
jZa[b_gby k_ldb1 <b^gh/ qlh ijb jZa[b_gbb k_ldb
kljmdlmjZ hrb[db bah[jZ`_gby ^ey \k_o
jZkkfhlj_gguo kihkh[h\ bgl_jiheypbb ijZdlbq_kdb g_
f_gy_lky1 Ba Jbk1; lZd`_ \b^gh/ qlh ijb bkihevah\Zgbb
EB jZa[b_gb_ k_ldb lhevdh mom^rZ_l bah[jZ`_gbb1
Ijb bkihevah\Zgbb DEB bah[jZ`_gb_ g_fgh]h
memqrZ_lky ijb i_j\hf mjh\g_ jZa[b_gby/ Z aZl_f
ijZdlbq_kdb g_ baf_gy_lky1 Ijb =B jZa[b_gb_ g_
\eby_l gZ dZq_kl\h bah[jZ`_gby1 LZdbf h[jZahf/ ^ey

h[t_fghc \bamZebaZpbb ijb bgl_jiheypbb ^Zgguo
jZa[b_gb_ k_ldb g_ ijb\h^bl d memqr_gbx dZq_kl\Z
bah[jZ`_gby1

5. A:DEXQ?GB?
GZ ijbf_j_ ^\mo kihkh[h\ \bamZebaZpbb

bkke_^h\Zgh \ebygb_ ehdZevgh]h jZa[b_gby k_ldb b
jZaebqguo f_lh^h\ bgl_jiheypbb ^Zgguo gZ dZq_kl\h
ihemqZ_fh]h bah[jZ`_gby1 MklZgh\e_gh/ qlh ijb
\bamZebaZpbb k ihfhsvx bahih\_joghkl_c ehdZevgh_
jZa[b_gb_ k_ldb iha\hey_l kms_kl\_ggh memqrblv
dZq_kl\h bah[jZ`_gby/ gh bgl_jiheypby ^Zgguo
h]jZgbqb\Z_l hilbfZevguc mjh\_gv baf_evq_gby k_ldb1
Bkihevah\Zgb_ ehdZevgh]h jZa[b_gby \ kemqZ_
h[t_fghc \bamZebaZpbb g_ iha\hey_l kms_kl\_ggh
memqrblv dZq_kl\h bah[jZ`_gby1 Ba \k_o
jZkkfhlj_gguo ijhp_^mj bgl_jiheypbb gZbemqrb_
j_amevlZlu ^Z_l ]jZ^b_glgZy bgl_jiheypby1
:\lhju \ujZ`Zxl [eZ]h^Zjghklv :1:1:dk_gh\m b

K1<1Debf_gdh aZ \gbfZgb_ d jZ[hl_1 JZ[hlZ \uiheg_gZ
ijb qZklbqghc ih^^_j`d_ JNNB/ ]jZgl 1 <;0340337;71

6. EBL?J:LMJ:
>4@ $NVHQRY $1/ '\DGNLQ $1/ *XG]RYVN\ $1/ 1XPHULFDO

VLPXODWLRQ RI FDU WLUH DTXDSODQLQJ 22 3URFHHGLQJV RI WKH
7KLUG (&&20$6 &RPSXWDWLRQDO )OXLG '\QDPLFV
&RQIHUHQFH/ <046 6HSW1 4<<9/ 3DULV/ SS1 ;480;541

>5@ :LOOLDP (1 /RUHQVRQ/ +DUYH\ (1 &OLQH/ ³0DUFKLQJ
&XEHV= $ +LJK 5HVROXWLRQ 6' 6XUIDFH &RQVWUXFWLRQ

Z, [, \,

], ^, _,
Jbk1 :1 Bah[jZ`_gby hldehg_gby bahih\_joghkl_c hl wlZehgZ ^ey jZaebqguo f_lh^h\ aZ^Zgby ^Zgguo b

mjh\g_c jZa[b_gby k_ldb/+Z, 0 EB/+[, 0 DEB/+\, 0 =B/ mjh\_gv 4 +Z0\,/ 5 +]0_,1
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Jbk1 ;1 AZ\bkbfhklv bgl_]jZevghc hrb[db hl
mjh\gy jZa[b_gby k_ldb b f_lh^Z bgl_jiheypbb
+kiehrgu_ ebgbb 0 bahih\_joghklv/ imgdlbjgu_ 0

j_gl]_gh]jZffZ,
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:\lhju=
:e_dkZg^j >y^vdbg feZ^rbc gZmqguc khljm^gbd

BgklblmlZ Z\lhfZlbaZpbb ijh_dlbjh\Zgby J:G1
:^j_k=Fhkd\Z/ 456389/ me1 50Zy ;j_klkdZy 4<24;
L_e_nhg= +3<8, 5830<5084
(0PDLO= )ORZ9LVLRQ#JODV1DSF1RUJ
:e_dk_c =m^ah\kdbc aZ\1 k_dlhjhf BgklblmlZ

Z\lhfZlbaZpbb ijh_dlbjh\Zgby J:G
:^j_k=Fhkd\Z/ 456389/ me1 50Zy ;j_klkdZy 4<24;
L_e_nhg= +3<8, 5840;7046
(0PDLO= )ORZ9LVLRQ#JODV1DSF1RUJ

Alexander Dyadkin, Alexey Gudzovsky

Methods of 3D Data Visualization on
Cartesian Locally Refined Grids

0HWKRGV RI VFDODU ILHOG YLVXDOL]DWLRQ/ JLYHQ LQ FHQWHUV RI
FHOOV RI DGDSWLYH &DUWHVLDQ JULG ZLWK ORFDO UHILQHPHQW DUH
GLVFXVVHG1 /RFDO UHILQHPHQW FDQ EH XVHG IRU LPSURYHPHQW
RI WKH LPDJH RI VFDODU ILHOG1 7KH SURFHGXUH RI ORFDO
UHILQHPHQW LV DFFRPSDQLHG E\ LQWHUSRODWLRQ RI GDWD/ GXULQJ
ZKLFK WKHUH LV WKH GLVWRUWLRQ RI WKH LQIRUPDWLRQ1 7KH
LQIOXHQFH RI JULG ORFDO UHILQHPHQW DQG PHWKRG RI GDWD
LQWHUSRODWLRQ RQ TXDOLW\ RI WKH UHFHLYHG LPDJH IRU YDULRXV
PHWKRGV RI VFDODU ILHOG YLVXDOL]DWLRQ DUH GLVFXVVHG1

Keywords= volume visualization/ locally refined grid, data
interpolation1

j, i, k,

m, l, n,

 , o, q,
Jbk1 <1 Hldehg_gb_ h[t_fgh]h bah[jZ`_gby hl wlZehgZ ^ey jZaebqguo f_lh^h\ aZ^Zgby ^Zgguo b mjh\g_c
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