
Ijbf_g_gb_ f_lh^h\ h[jZ[hldb bah[jZ`_gbc \ \uqbkebl_evghc
]Zah^bgZfbd_
K_j]_c ;ZaZjh\

F=M bf1F1<1Ehfhghkh\Z
Fhkd\Z/ Jhkkby

:gghlZpby
JZkkfZljb\Z_lky f_lh^bdZ ihemq_gby bgnhjfZpbb

ih pbnjh\uf bah[jZ`_gbyf/ ihemqZ_fuf \ j_amevlZl_
qbke_ggh]h fh^_ebjh\Zgby1 IhdZaZgZ __
wnn_dlb\ghklv ^ey \bamZebaZpbb kljmdlmju l_q_gby1

Dexq_\u_ keh\Z= h[jZ[hldZ bah[jZ`_gbc/ jZkihagZ0
\Zgb_ h[jZah\/ \uqbkebl_evgZy ]Zah^bgZfbdZ1

1. <<?>?GB?
Bkihevah\Zgb_ j_amevlZlh\ fZl_fZlbq_kdh]h

fh^_ebjh\Zgby/ ihemqZ_fuo f_lh^Zfb kd\hagh]h kq_lZ/
lj_[m_l nhjfZebah\Zggh]h \uy\e_gby jZaju\h\1 >ey
ehdZebaZpbb jZaju\h\ l_q_gby ]ZaZ b hij_^_e_gby bo
lbih\ ijbf_gy_lky ^bkdjbfbgZglguc f_lh^ jZkihagZ0
\Zgby1 <gZqZe_ ijh\h^blky \uy\e_gb_ h[t_dlh\/ h[eZ0
^Zxsbo bgl_j_kmxsbfb gZk k\hckl\Zfb/ Z aZl_f +ih
djbl_jbx fbgbfmfZ jZkklhygby, h[t_dl deZkkbnbpb0
jm_lky1

2. FH>?EV/ BKIHEVAM?F:Y IJB IH0
EMQ?GBB QBKE?GGH=H J?R?GBY
JZkkfZljb\Z_lky l_q_gb_ g_\yadh]h k`bfZ_fh]h

b^_Zevgh]h g_l_iehijh\h^gh]h ]ZaZ1 HibkZgb_ lZdh]h
l_q_gby ijh\h^blky \ i_j_f_gguo Wce_jZ1 Bkihevam_f0
u_ h[hagZq_gby= W ± \j_fy/ [/ \ ± ^_dZjlh\u dhhj^bgZlu/
X/ Y ± dhfihg_glu \_dlhjZ kdhjhklb ih [ b \ khhl\_l0
kl\_ggh/ ρ ± iehlghklv/ S ± ^Z\e_gb_/ H ± m^_evgZy
ihegZy wg_j]by/ γ ± ihdZaZl_ev Z^bZ[Zlu ]ZaZ1
Qbke_ggh_ fh^_ebjh\Zgb_ ijh\h^behkv ih ko_f_
K1D1=h^mgh\Z >4@/ h[eZ^Zxs_c k\hckl\hf fhghlhgghk0
lb1

3. <U>?E?GB? J:AJU<H< L?Q?GBY
Ijb\_^_f hibkZgb_ f_lh^bdb/ ke_^my \ hkgh\ghf

jZ[hlZf >5/6@1 P_ev hibku\Z_fh]h ih^oh^Z khklhbl \
Z\lhfZlbaZpbb h[jZ[hldb j_amevlZlh\ ijh\_^_ggh]h
qbke_ggh]h fh^_ebjh\Zgby ]Zah^bgZfbq_kdh]h l_q_gby
^ey ihemq_gby kljmdlmju _]h kbevguo jZaju\h\1
J_amevlZl qbke_ggh]h jZkq_lZ ± wlh gZ[hj fZkkb\h\

iZjZf_ljh\ +agZq_gbc p u v e, , , ,ρ gZ k_ld_ ba M M1 2×
lhq_d,/ lj_[mxsbo ^hihegbl_evgh]h ZgZebaZ1 JZkkfhl0
jbf nmgdpbx ( )f x x1 2, / khhl\_lkl\mxsmx dZdhfm0
eb[h iZjZf_ljm l_q_gby/ gZijbf_j/ f ≡ ρ +\ dZq_kl\_
nmgdpbb I fh`gh [jZlv b ^jm]hc iZjZf_lj/ gZijbf_j

wg_j]bx beb l_fi_jZlmjm,1 LjZdlmy kZfm wlm nmgdpbx
dZd bgl_gkb\ghklv bah[jZ`_gby/ Z agZq_gby wlhc nmgd0
pbb \ dZ`^hc lhqd_ dZd we_f_glu bah[jZ`_gby +ibdk_0
eb,/ \ dZ`^hc lhqd_ +L/M, \hkihevam_fky ^_l_dlhjhf i_0
j_iZ^h\ >7@ ^ey hdgZ bah[jZ`_gby 3 3× =

H H1 2
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=
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b \uqbkebf \ujZ`_gby ± ^bkdj_lgu_ k\_jldb
^Zggh]h hdgZ bah[jZ`_gby k fZkdZfb +4 b +5 + ∆x1 b
∆x2 ± rZ]b jZkq_lghc k_ldb ih dhhj^bgZlZf [ b \ khhl0
\_lkl\_ggh,=

( )
( )

( ) ( )

S H F f f f

f f f

S x x H F x x

i j i j i j

i j i j i j

1 1 1 1 1 1 1

1 1 1 1 1

2 2 1 2 2 1

2

2

= = + + −

+ +

= = ×

− + + + +

− − − + −
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,

/ * /
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, , ,

∆ ∆ ∆ ∆

( )f f fi j i j i j+ + + + −+ + −
 1 1 1 1 12, , ,

( )f f fi j i j i j− + − − −+ + 
1 1 1 1 12, , , ,

lh]^Z \_ebqbgZ ]jZ^b_glZ ( )g fi j, nmgdpbb I \ lhqd_

( )i j, = g
x

S Si j, = +
1

8 2
1
2

2
2

∆
/ Z hjb_glZpby \_dlhjZ

]jZ^b_glZ \ p_glj_ yq_cdb ( )i j, = ( )α i j S S= arctan /1 2 1
<uqbkebf kj_^g__ agZq_gb_ ]jZ^b_glZ ih \k_fm

jZkq_lghfm ihex= ( )T g M Mi j
i j

= ×∑
,

/ 1 2 b ba

fgh`_kl\Z \k_o lhq_d ( )i M j M= =1 2 1 21 2, , ... , , , , ... ,

\u[_j_f l_/ \ dhlhjuo g Ti j > +lh _klv lhqdb/ \
dhlhjuo ]jZ^b_gl ij_\urZ_l kj_^g__ agZq_gb_,1
H[hagZqbf wlh fgh`_kl\h lhq_d q_j_a 141
Ihkdhevdm ijb j_r_gbb ih ko_f_ kd\hagh]h kq_lZ

jZaju\u ³jZafZaZgu´/ lh \h fgh`_kl\h 14 ihiZ^Zxl g_
lhevdh ibdk_eb bklbgguo i_j_iZ^h\/ gh b [ebae_`Z0
sb_1 >ey bo bkdexq_gby ijbf_gbf f_lh^ ih^Z\e_gby
g_fZdkbfmfh\ >8@/ ijb dhlhjhf bkdexqZ_lky dhgdmj_g0
pby f_`^m kh[hc khk_^gbo lhq_d/ jZkiheh`_gguo
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\^hev i_j_iZ^Z1 IjbgbfZy \h \gbfZgb_/ qlh αi j hij_0

^_ey_l gZijZ\e_gb_/ ghjfZevgh_ d ih\_joghklb jZa0
ju\Z/ hij_^_ebf ^\_ khk_^gbo k ( )i j, yq_cdb ( )i jl l, b

( )i jr r, / aZ^Zxsbo [eb`Zcr__ d wlhc ghjfZeb

gZijZ\e_gb_1 Ijb wlhf _keb A Al r< ( )A p= / ρ γ / lh

( )i jl l, b ( )i jr r, f_gy_f f_klZfb +lZdh_ mihjy^hqb\Z0
gb_/ hl\_qZxs__ aZdhgm \hajZklZgby wgljhibb gZ
m^Zjghc \heg_/ [m^_l bkihevah\Zgh gZ wlZi_ deZkkbnb0
dZpbb jZaju\h\,1 Ba lhq_d fgh`_kl\Z 14 hklZ\bf lZdb_/
\ dhlhjuo h^gh\j_f_ggh \uihegyxlky mkeh\by
g g g gi j i j i j i jl l r r, ,> > / b h[hagZqbf wlh fgh`_kl\h

lhq_d q_j_a 151 J_Zevgh gZ ijZdlbd_ agZq_gb_ αi j Zi0

ijhdkbfbjm_lky h^gbf ba \hkvfb gZijZ\e_gbc ba
p_gljZ ibdk_ey +L/M, gZ p_glju khk_^gbo yq__d/ ijb wlhf
m]eu α i j < 0 aZf_gyxlky gZ 2π α+ i j 1 Ijbf_j k dhg0

dj_lgufb agZq_gbyfb ( )i jl l, b ( )i jr r, ko_fZlbqgh
\u]ey^bl ke_^mxsbf h[jZahf=

JZkkfhljbf fZdkbfZevgmx jZaghklv f_`^m
agZq_gbyfb m]eh\ ± gZijZ\e_gbc gZ p_glju khk_^gbo
yq__d

( ) ( )[ ]∆ ∆ ∆ ∆ ∆α π= −max arctan / , / arctan /x x x x2 1 2 12 1
>ey khojZg_gby k\hckl\Z ebg_cghc ijhly`_gghklb
i_j_iZ^Z bkdexqbf bahebjh\Zggu_ \u[jhku bgl_gkb\0
ghklb bah[jZ`_gby >9@1 : bf_ggh ba lhq_d fgh`_kl\Z
15 hklZ\bf l_/ \ dhlhjuo α α αi j i jl l

− < ∆ /

α α αi j i jr r
− < ∆ h^gh\j_f_ggh1 Ihbkd bahebjh\Zgguo

Zjl_nZdlh\ hkms_kl\ey_lky jZkkfhlj_gb_f djm]h\hc
hdj_klghklb dZ`^hc lhqdb jZ^bmkhf

R Q x x= +∆ ∆1
2

2
2 1 LhqdZ m^Zey_lky ba fgh`_kl\Z \

lhf kemqZ_/ _keb \ wlhc hdj_klghklb g_l ^jm]bo lhq_d
i_j_iZ^Z +h[uqgh bkihevah\ZeZkv dhgklZglZ 4 418,1
H[hagZqbf fgh`_kl\h hklZ\rboky lhq_d q_j_a 161

4. DE:KKBNBD:PBY J:AJU<H<
GZ ex[hf jZaju\_ \uihegyxlky mkeh\by +' ±

kdhjhklv jZkkfZljb\Z_fh]h jZaju\Z/ ( )u = u un, τ ,=

( ) ( )ρ ρ ρ ρl r l n r nD u u
l r

− = − 1 /

( ) ( )ρ ρ ρl n r n l n lu u D u p
l r l
− = +







−
2

( ) ( )ρ r n ru p
r

2
2+







/

( ) ( ) ( )ρ ρτ τl n r nu D u u D u
l l r r

− = − 3 /

( ) ( )[ ]ρ ρl n l l l lu D e p
l
− + + − =/ u D 2

( ) ( )[ ] ( )ρ ρr n r r r ru D e p
r
− + + −/ u D 2 4 1

Khhlghr_gby +4,0+7, \uihegyxlky lZd`_ \ lhqdZo/
]^_ j_r_gb_ g_ij_ju\gh/ \ qZklghklb gZ \hegZo
k`Zlby b \hegZo jZaj_`_gby1
GZ m^Zjguo \hegZo kms_kl\m_l ihlhd \_s_kl\Z

q_j_a jZaju\= ( ) ( )ρ ρl n r nu D u D J
l r
− = − = ≠ 0 1

Hlkx^Z b ba +6, ke_^m_l hlkmlkl\b_ jZaju\Z
lZg]_gpbZevghc khklZ\eyxs_c \_dlhjZ kdhjhklb
u u

l rτ τ= 1 Kh]eZkgh l_hj_f_ P_fie_gZ u un nl r
> 1

<uihegyxlky mkeh\by JwgdbgZ0=x]hgbh= +4,/ +5, b

( )e p u Dl l l n l
+ + − =/ /ρ

2
2 ( )e p u Dr r r n r

+ + −/ /ρ
2

2 1

?keb u u
l rτ τ= = 0 ± wlh ghjfZevgZy/ u u

l rτ τ= ≠ 0 ±
dhkZy m^ZjgZy \hegZ1
GZ dhglZdlguo jZaju\Zo g_l ihlhdZ ]ZaZ q_j_a ih0

\_joghklv jZaju\Z - 31 Ijb\e_dZy +4, b +5, ihemqbf g_0
ij_ju\ghklv ^Z\e_gby p pl r= gZ dhglZdlghf jZa0

ju\_ b mkeh\by ( ) ( )ρ ρl r l re e− + − ≠2 2
0 / u un nl r

= 1 <
kemqZ_ qbklh dhglZdlgh]h jZaju\Z \uihegy_lky khhl0
ghr_gb_= u u

l rτ τ= / Z \ kemqZ_ lZg]_gpbZevgh]h jZa0

ju\Z ± u u
l rτ τ≠ 1

< dZ`^hc lhqd_ fgh`_kl\Z 16 \uqbkebf \ujZ`_gby
^ey a a1 7− ² ^bkdj_lguo ZgZeh]h\ ijbagZdh\ lbih\
jZaju\h\ +∆t ± jZkq_lguc rZ] ih \j_f_gb,=

( ) ( )a i j sign u nn i j1 1, /= − ∂ ∂ /

( ) ( ) ( )a i j sign signi j i j i j i jl l r r l l r r2 , = − + −ρ ρ ε ε /

( ) ( )b i j x p p n B bi j i j
i j N

3 1 3 3
3

, / / / , max
,

= =
∈

∆ ∂ ∂ /

( ) ( )a i j b i j B3 3 3, , /= /

( )b i j t u n B bn i j
i j N

4 4 4
3

, / , max
,

= =
∈

∆ ∂ ∂

( ) ( )a i j b i j B4 4 4, , /= /

( )
( )

a
A A A A

A A A A

l r l r

l r l r
5

1

1

1

0
=

− >

− ≤







, / max ,

, / max ,

δ

δ
/

( )
( )

a
t x u u

t x u u

l r

l r

6
1 2

1 2

1

0
=

− >
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, /

∆ ∆

∆ ∆
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( )
( )

a
t x u u

t x u u

l r

l r

7

1 3

1 3

1

0
=

−
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−
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, /

, /

∆ ∆

∆ ∆

τ τ

τ τ

δ

δ
/

δ δ δ1 2 3, , ± aZ^Z\Z_fu_ iheh`bl_evgu_ dhgklZglu1
<u[hj i_j\h]h ijbagZdZ h[mkeh\e_g l_f/ qlh \ ahg_

jZafZaZgghc m^Zjghc \hegu b \ ahg_ \hegu k`Zlby ^he0
`gh \uihegylvky mkeh\b_ ∂ ∂u nn / < 0 1 <_ebqbgZ
∂ ∂u nn / \uqbkey_lky ih nhjfme_

( ) ( ) ( )∂ ∂ ∂ ∂ α ∂ ∂ αu n u x u yn ij n ij ij n ij ij/ / cos / sin= + /

( ) ( ) ( )∂ ∂u x x H F u i jn ij n/ / , ,= ×1 2 1 3 2 2∆ /

( ) ( ) ( )∂ ∂u y x H F u i jn ij n/ / , ,= ×1 2 2 4 2 2∆ 1 Bkihevam_lky

hdgh bah[jZ`_gby
( ) ( )

( ) ( )F
i j i j

i j i j2 2
1 1 1

1× =
+ + +

+
, ,

, ,
b fZkdb

>:@ H H3 4
1 1

1 1

1 1

1 1
=

−
−

=
− −

, 1

<lhjhc ijbagZd bkihevam_l lh/ qlh gZ m^Zjghc
\heg_ ( ) ( )sign signl r l rρ ρ ε ε− + − = 2 / Z gZ

dhglZdlghf jZaju\_ ( ) ( )sign signl r l rρ ρ ε ε− + − = 0 1

A^_kv ε = p / ( )[ ]ρ γ − 1 / Z \ nhjfmeZo mqZkl\mxl g_
kZfb iZjZf_lju/ Z mkj_^g_ggu_ agZq_gby

( )ϕ ϕi j H F i j= ×5 2 2 , , / H5 = 1

4

1 1

1 1
1 KblmZpby

(ρ i jl l
− )ρ i jr r

= 0 / (ε i jl l )− =ε i jr r
0 bkdexq_gZ

m`_ gZ wlZi_ k_]f_glZpbb1
Lj_lbc b q_l\_jluc ijbagZdb hljZ`Zxl nZdl g_ij_0

ju\ghklb ^Z\e_gby gZ dhglZdlghf jZaju\_ b jZaju\_
ghjfZevghc khklZ\eyxs_c kdhjhklb gZ m^Zjghc \heg_1
Iyluc ijbagZd kem`bl hlebq_gbx lhq_d jZaju\Z hl

lhq_d/ ijbgZ^e_`Zsbf ih^h[eZklyf g_ij_ju\gh]h l_0
q_gby +gZijbf_j \hegZf k`Zlby,/ r_klhc ± qbklh dhg0
lZdlguo jZaju\h\ hl lZg]_gpbZevguo jZaju\h\/ Z k_^v0
fhc ± ijyfuo m^Zjguo \heg hl dhkuo m^Zjguo \heg1
H[uqgh bkihevah\Zebkv agZq_gby dhgklZgl δ 1= δ 2=
δ 3 0 01= . 1
DeZkkbnbdZpby jZaju\h\ ijhba\h^blky ke_^mxsbf

h[jZahf1 Hij_^_ebf deZkku= K4 ± ghjfZevgu_ m^Zjgu_
\hegu/ K5 ± dhku_ m^Zjgu_ \hegu/ K6 ± lZg]_gpbZevgu_
jZaju\u/ K7 ± qbklh dhglZdlgu_ jZaju\u/ K8 ± \hegu
k`Zlby/ K9 ± \hegu jZaj_`_gby/ K: ± g_ij_ju\gh_
l_q_gb_1 AZf_lbf/ qlh f_lh^bdZ ij_^gZagZq_gZ ^ey
b^_glbnbdZpbb kbevguo jZaju\h\ l_q_gby/ b deZkku K9
b K: hij_^_e_gu ^ey kemqZy \hafh`gh]h ihiZ^Zgby \h
fgh`_kl\h 16 gZ wlZi_ k_]f_glZpbb lhq_d/ g_
y\eyxsboky lhqdZfb jZaju\Z1 AZ^Z^bf

( )z = z z z z z z z k1 2 3 4 5 6 7, , , , , , , ± wlZehggu_ \_dlhju

deZkkh\ +^ey h^gh]h deZkkZ fh`_l [ulv g_kdhevdh wlZ0
ehgguo \_dlhjh\,=

LhqdZ +L/M, ijbgZ^e_`bl deZkkm C k 0
/ _keb

( )dist i j ka z,
0

= ( )min ,
k

i j ka z / ]^_ a = (a a a a1 2 3 4, , , ,

)a a a
ij5 6 7, , / ( )dist a zm m

m

= −
=
∑ 2

1 7,

+_\deb^h\h jZk0

klhygb_ \ k_fbf_jghf ijhkljZgkl\_ ijbagZdh\,1

5. IJBF?JU H;J:;HLDB J?AMEVL:0
LH< =:AH>BG:FBQ?KDBO J:KQ?LH<
< dZq_kl\_ i_j\hc jZkkfhljbf aZ^Zqm h ^bnjZdpbb

m^Zjghc \hegu gZ iehkdhf ijyfhf m]e_1 DZjlbgZ l_q_0
gby hdZau\Z_lky hq_gv keh`ghc/ lZd dZd bf__lky [hev0
rh_ qbkeh jZaju\h\ jZaebqgh]h lbiZ1 Hlf_lbf/ qlh hgZ
y\ey_lky Z\lhfh^_evghc/ gh ijb j_r_gbb __ ihkj_^kl0
\hf bgl_]jbjh\Zgby g_klZpbhgZjguo mjZ\g_gbc
klZgh\blky lZdh\hc lhevdh lh]^Z/ dh]^Z h[eZklv/ aZo\Z0
q_ggZy l_q_gb_f/ klZgh\blky kms_kl\_ggh [hevr_ jZa0
f_jh\ kq_lghc yq_cdb1 JZkkfZljb\Z_lky ^bnjZdpby
m^Zjguo \heg k lZdbfb qbkeZfb FZoZ/ qlh l_q_gb_ aZ
\heghc y\ey_lky k\_joa\mdh\uf/ lh _klv \hafms_gby g_
ijhgbdZxl \gba ih ihlhdm1
GZ jbk14 k rZ]hf ∆ρ = 01. ijb\_^_gu ebgbb jZ\ghc

iehlghklb ^ey kemqZy ^bnjZdpbb \hegu k qbkehf FZoZ
71: + γ = 14. ,/ Z lZd`_ ihdZaZgh i_j\hgZqZevgh_ iheh`_0
gb_ \hegu b gZijZ\e_gb_ __ ^\b`_gby1 GZ jbk15 ijb\_0
^_gu lhqdb jZaju\h\/ ihemq_ggu_ \ ijhp_kk_ jZkihagZ0
\Zgby= 4 0 ^bnjZ]bjh\ZggZy m^ZjgZy \hegZ/ 5 0
i_j\hgZqZevgZy m^ZjgZy \hegZ/ 6 0 lZg]_gpbZevguc
jZaju\/ 7 0 \lhjbqgZy m^ZjgZy \hegZ/ 8 0 qbklh dhglZdl0
guc jZaju\/ 9 0 dhglZdlguc jZaju\/ : 0 fZoh\kdZy \he0
gZ1 LZdbf h[jZahf ihdZaZgh/ qlh i_j\uc ihjy^hd ko_0
fu g_ y\ey_lky ij_iylkl\b_f ^ey hij_^_e_gby kljmd0
lmju l_q_gby1 <Z`guf \ qbke_gghf fh^_ebjh\Zgbb
y\ey_lky g_ lhevdh ihemq_gb_ gZ[hjh\ qbk_e ± j_amev0
lZlh\ jZkq_lh\/ gh b bo bgl_jij_lZpby1
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Jbk1 41

Jbk1 51

JZkkfhljbf aZ^Zqm h \klj_qghf \aZbfh^_ckl\bb
^\mo ijyfuo m^Zjguo k iehkdbfb njhglZfb1 GZ jbk16
ihdZaZgh iheh`_gb_ jZaju\h\ ^ey kemqZy \aZbfh^_c0
kl\by ih^ hkljuf m]ehf \heg k qbkeZfb FZoZ 71: +4, b
715 +5,1 Ihemq_ggh_ j_r_gb_= ^\_ ij_ehfe_ggu_ dhku_
m^Zjgu_ \hegu +6 b 7, b lZg]_gpbZevguc jZaju\ +8,
f_`^m gbfb kh\iZ^Z_l k ZgZeblbq_kdbf j_r_gb_f ^Zg0
ghc aZ^Zqb1

Jbk1 61

Jbk1 71

Ijb\_^_f ijbf_j jZkihagZ\Zgby ^ey lZdhc aZ^Zqb
]Zah^bgZfbdb/ dh]^Z gZjy^m k i_j_f_s_gb_f jZaju\h\
bf__l f_klh lZd`_ \hagbdgh\_gb_ b w\hexpby gh\uo
jZaju\h\1 IhklZgh\dZ aZ^Zqb ijb\_^_gZ gZ jbk171 < gZ0
qZevguc fhf_gl \j_f_gb W 3 \ aZrljboh\Zgghc h[eZk0
lb iZjZf_lju ]ZaZ p u v= = = =50 50 0, ,ρ / Z \ hklZev0
ghf ijhkljZgkl\_ p u v= = = =ρ 1 0, +^\mf_jguc jZk0
iZ^ jZaju\Z,1 GZ \k_o ]jZgbpZo jZkq_lghc h[eZklb djh0
f_ ijZ\hc klZ\bebkv mkeh\by g_ijhl_dZgby/ Z gZ ijZ\hc
± mkeh\by ]eZ^dh]h ijh^he`_gby l_q_gby1
< j_amevlZl_ jZkiZ^Z ^\mf_jgh]h jZaju\Z

h[jZamxlky ]heh\gZy m^ZjgZy \hegZ +jbk17/ W 617/ ebgby
4,/ qbklh dhglZdlguc jZaju\ +5, b \lhjbqgZy m^ZjgZy
\hegZ +6,1 LZdZy kljmdlmjZ l_q_gby ijh^he`Z_l
kms_kl\h\Zlv \iehlv ^h lh]h fhf_glZ/ ihdZ ]heh\gZy
\hegZ g_ ^hklb]g_l \_jog_c kl_gdb b g_ gZqg_lky
ijhp_kk __ hljZ`_gby1 GZ jbk18 +W 716, \b^gh/ qlh \
l_q_gbb \hagbd _s_ h^bg jZaju\ ± dhkZy hljZ`_ggZy
m^ZjgZy \hegZ +7,/ ^\b`msZyky gZ\klj_qm dhglZdlghfm
jZaju\m +5,1 AZl_f +jbk19/ W 81<, \aZbfh^_ckl\b_ wlhc
\hegu k dhglZdlguf jZaju\hf ijb\h^bl d ihy\e_gbx
ij_ehfe_gguo m^Zjguo \heg +8 b 9, b lZg]_gpbZevgh]h
jZaju\Z +:,1 GZ ijbf_j_ ^Zgghc aZ^Zqb ihdZaZgZ wnn_d0
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lb\ghklv f_lh^Z ijb baf_g_gbb lbih\ jZaju\h\ ijb
\aZbfh^_ckl\bb1

Jbk1 81

Ke_^m_l hlf_lblv/ qlh ijb\_^_ggZy f_lh^bdZ g_ aZ0
\bkbl hl dhgdj_lgh]h \b^Z j_rZ_fhc aZ^Zqb b g_
lj_[m_l gbdZdhc Zijbhjghc bgnhjfZpbb h l_q_gbb1
HgZ ijbf_gbfZ d j_amevlZlZf jZkq_lh\/ ihemq_gguo
ex[uf f_lh^hf kd\hagh]h kq_lZ1 < kemqZ_/ _keb
qbke_ggh_ fh^_ebjh\Zgb_ ijh\h^behkv dZdbf0eb[h
f_lh^hf/ ^Zxsbf hkpbeeypbb \ hdj_klghklb jZaju\Z/
\hafh`gh ijbf_g_gb_ ijhp_^mju k]eZ`b\Zgby
bah[jZ`_gby k ihfhsvx dZdhc0eb[h jZknhdmkbjmxs_c
fZkdb1 >ey hdgZ bah[jZ`_gby 3 3× fh`gh

bkihevah\Zlv fZkdm ( )H6
1

8

1 1 1

1 1

1 1 1

=
+ψ

ψ / gZijbf_j

ijb ψ = 2 ihemqZ_lky fZkdZ >;@/ g_ kbevgh
m\_ebqb\ZxsZy jZafZau\Zgb_ jZaju\h\ ijb
h^gh\j_f_gghc nbevljZpbb rmfh\1

Jbk1 91

Jbk1 :1

6. <U>?E?GB? J:AJU<H< < KEMQ:?
FH>?EBJH<:GBY LJ?OF?JGUO
L?Q?GBC
< lj_of_jghf kemqZ_ bkihevam_lky lZdZy `_ fh^_ev1

Dhfihg_glZ \_dlhjZ kdhjhklb ih ] ± Z1 Ihemq_gb_
qbke_ggh]h j_r_gby hkms_kl\eyehkv lZd`_ f_lh^hf
K1D1=h^mgh\Z1
JZkkfhljbf hdgh bah[jZ`_gby I jZaf_jhf 3 3 3× × /

p_gljbjh\Zggh_ \ \hdk_e_ +L/M/N,
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b ijbf_gbf d g_fm ^ey \uqbke_gby khklZ\eyxs_c
]jZ^b_glZ *[ hi_jZlhj

Hi_jZlhju ^ey \uqbke_gby dhfihg_gl *\ b *\ ih0
emqZxlky ijb khhl\_lkl\mxsbo baf_g_gbyo hjb_glZ0
pbb +[1 K\hckl\hf wlbo hi_jZlhjh\ y\ey_lky lh/ qlh
hgb ^Zxl gZbemqrbc +ih f_lh^m gZbf_gvrbo d\Z^jZ0
lh\, iehkdbc dhglmj f_`^m ^\mfy h[eZklyfb jZaebqghc
bgl_gkb\ghklb \ lj_of_jghc hdj_klghklb ><@1 <_ebqbgZ
]jZ^b_glZ hij_^_ey_lky dZd

( )[ ] ( )g f x y z G G Gx y z, , = + +2 2 2 1

Jbk1 ;1

<gZqZe_ jZkkfhljbf l_klh\uc ijbf_j klmi_gqZlh]h
i_j_iZ^Z/ dh]^Z \ dZq_kl\_ bah[jZ`_gby [_j_lky fZkkb\
^Zgguo gZ jZ\ghf_jghc ih \k_f lj_f dhhj^bgZlZf k_l0
d_/ \ dhlhjhf hl gmey hlebqgu lhevdh agZq_gby \ lhq0

dZo/ e_`Zsbo gZ j_[jZo ijhba\hevgh]h dm[Z +^ey hij_0
^_e_gghklb iheZ]Z_f \k_ bo jZ\gufb _^bgbp_,1 L_
lhqdb/ \ dhlhjuo \uihegy_lky g_jZ\_gkl\h

( )g g M M Mi j k i j k
i M j M k M

x y z
x y z

, ,
... , ... , ...

/> × ×
= = =

∑
1 1 1

/

ijb\_^_gu gZ jbk1: +0[/0\/0] ± dhebq_kl\h yq__d jZk0
qzlghc k_ldb ih khhl\_lkl\mxsbf dhhj^bgZlZf,1 GZ
lZdhf b^_Zevghf i_j_iZ^_ bkihevah\Zgb_ hdgZ
3 3 3× × ijb\h^bl d \u^_e_gbx ]jZg_c ³lhesbghc´ \
ljb yq_cdb1

Jbk1 <1

JZkkfhljbf aZ^Zqm \ ihklZgh\d_/ dh]^Z j_r_gb_
bs_lky \ dm[bq_kdhc h[eZklb/ h]jZgbq_gghc
g_ijhgbpZ_fufb iehkdhklyfb [ 3/ \ 3/ ] 3/ [ 83/
\ 83/ ] 831 < gZqZevguc fhf_gl \j_f_gb h[eZklv
aZiheg_gZ ]Zahf k iZjZf_ljZfb p = =ρ 1 /
u v w= = = 0 / Z \ h[eZklb 0 ≤ x ≤ 5 / 0 5≤ ≤y /
0 5≤ ≤z ^Z\e_gb_ ih\ur_gh \ ^\Z jZaZ/ Z hklZevgu_
iZjZf_lju lZdb_ `_= p = 2 / ρ = 1/ u = v = w = 0 1
JZkq_l ijh\h^beky ^h fhf_glZ \j_f_gb W 6;1<77/ dh]^Z
\hafms_gb_ _s_ g_ ^hklb]eh ^Zevgbo hl gZqZeZ
dhhj^bgZl ]jZgbp jZkq_lghc h[eZklb1
Ihemq_ggu_ j_amevlZlu h[jZ[Zlu\Zebkv

ke_^mxsbf h[jZahf1 Ihkdhevdm aZ\_^hfh ba\_klgh/ qlh
bkihevah\Z\rb_ky jZkq_lgZy k_ldZ b f_lh^ g_
iha\heyeb ihemqblv ohjhr__ jZaj_r_gb_ dhglZdlgh]h
jZaju\Z/ \ dZq_kl\_ nmgdpbb I [jZehkv ^Z\e_gb_ b \

dZ`^hc lhqd_ \uqbkeyeky ]jZ^b_gl1 Imklv ( )N
0 ±

fgh`_kl\h \k_o jZkq_lguo lhq_d1 Qbkeh lhq_d \h
fgh`_kl\_ [m^_f h[hagZqZlv [md\hc / +lh _klv qbkeh

lhq_d fgh`_kl\Z ( )N
0 ± ( )L N M M Mx y z

0



 = × × ,1
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<h fgh`_kl\h ( )N µ \dexqZ_f l_ lhqdb fgh`_kl\Z
( )N µ−1 / \ dhlhjuo \uiheg_gh mkeh\b_ gi j k, , >

( )
( )g L Ni j k

i j k N, ,

/

∈

−

−
∑ 





µ

µ

1

1 1 Ijb ijbf_g_gbb lZdhc

ijhp_^mju ijhbkoh^bl ³m^Ze_gb_´ [he__ keZ[uo +ih
bgl_gkb\ghklb, jZaju\h\ k h^gh\j_f_gguf mlhgq_gb0
_f hlghkbl_evgh [he__ kbevguo1
GZ jbk1; b jbk1< +\ ^\mo jZaebqguo jZdmjkZo, ijb\_0

^_gh fgh`_kl\h lhq_d ( )N 3 / ihemq_ggh_ ijb h[jZ[hld_
qbke_ggh]h j_r_gby1 Hq_\b^gh/ qlh lZdbf h[jZahf
m^Zehkv ehdZebah\Zlv ]heh\gmx m^Zjgmx \hegm1

7. A:DEXQ?GB?
HibkZgguc ih^oh^ h[e_]qZ_l b mkdhjy_l h[jZ[hldm

j_amevlZlh\ qbke_ggh]h fh^_ebjh\Zgby/ Z lZd`_ ih\u0
rZ_l h[t_dlb\ghklv bgl_jij_lZpbb ihemqZ_fuo j_0
amevlZlh\1 Ke_^m_l lZd`_ hlf_lblv \hafh`ghklv _]h
ijbf_g_gby ^ey klZg^ZjlbaZpbb khihklZ\e_gby
j_amevlZlh\ j_r_gby h^ghc b lhc `_ aZ^Zqb/ ihemq_g0
guo jZaebqgufb qbke_ggufb f_lh^Zfb1

8. EBL?J:LMJ:
>4@ =h^mgh\ K1D1/ AZ[jh^bg :1<1/ B\Zgh\ F1Y1 b ^j1

Qbke_ggh_ j_r_gb_ fgh]hf_jguo aZ^Zq ]Zah\hc
^bgZfbdb1F1 GZmdZ1 4<:91 733 k1

>5@ 9RUR]KWVRY (191 2Q WKH FODVVLILFDWLRQ RI
GLVFRQWLQXLWLHV E\ WKH SDWWHUQ UHFRJQLWLRQ PHWKRGV1
&RPSXWHUV))OXLGV1 YRO14;1 1R141 4<<31 SS1680:71

>6@ %D]DURY 61%1 $SSOLFDWLRQ RI LPDJH SURFHVVLQJ WR
WKH VKRFN ZDYH GLIIUDFWLRQ SUREOHP 22 3URFHHGLQJV RI WKH
4<WK ,QWHUQDWLRQDO 6\PSRVLXP RQ 6KRFN :DYHV1 51%UXQ DQG
/1=1'XPLWUHVNX +(GV1, 6SULQJHU/ 4<<8/ Y1,9/ S144604491

>7@ 6KDZ *1%1 /RFDO DQG UHJLRQDO HGJH GHWHFWRUV= VRPH
FRPSDULVRQV1 &RPSXWHU JUDSKLFV DQG LPDJH SURFHVVLQJ1
1R151 Y1<1 4<:<1 SS1468047<1

>8@ 5RVHQIHOG $1 DQG .DN $1&1 'LJLWDO 3LFWXUH
3URFHVVLQJ1 1HZ <RUN1 $FDGHPLF 3UHVV1 4<:91 78: SS1

>9@ 1HYDWLD 51 DQG %DEX .151 /LQHDU IHDWXUH H[WUDFWLRQ
DQG GHVFULSWLRQ1 &RPSXWHU *UDSKLFV DQG ,PDJH 3URFHVVLQJ1
1R161 Y1461 4<;31 SS158:059<1

>:@ 0HUR /1 DQG 9DVV\ =1 $ VLPSOLILHG DQG IDVW YHUVLRQ
RI WKH +XHFNHO RSHUDWRU IRU ILQGLQJ RSWLPDO HGJHV LQ
SLFWXUHV1 3URFHHGLQJV RI 7WK ,QWHUQDWLRQDO &RQIHUHQFH RI
$UWLIILFLDO ,QWHOOLJHQFH1 7ELOLVL1 86651 4<:81 SS198309881

>;@ 3UDWW :1.1 'LJLWDO ,PDJH 3URFHVVLQJ1 :LOH\ ,QWHU0
VFLHQFH1 1HZ <RUN1 4<:;1

><@ =XFNHU 61:1/ +XPPHO 51$1 7KUHH0'LPHQVLRQDO
(GJH 2SHUDWRU1 ,((( 7UDQV1 3DWWHUQ $QDO1 0DFK1 ,QWHOO1
3$0,061 1R161 4<;41 SS16570664

:\lhj:

K_j]_c ;ZaZjh\ klZjrbc gZmqguc khljm^gbd
nZdmevl_lZ \uqbkebl_evghc fZl_fZlbdb b db[_jg_lbdb
F=M bf1F1<1Ehfhghkh\Z1
¬lènx=Fhkd\Z/ 44<;<</ =KI/ <0567/ <hjh[v_\u ]hju1
L_e_nhg= +3<8, <6<0560751
(0PDLO= S.Bazarov#UHOFRP1UX

61%1%D]DURY1 Image Processing in CFD1 ,Q WKH
SUHVHQW SDSHU LV FRQVLGHUHG WKH TXHVWLRQ RI WKH DSSOLFDELOLW\
RI GLVFULPLQDQW PHWKRGV RI SDWWHUQ UHFRJQLWLRQ IRU WKH
SXUSRVHV RI ORFDOL]DWLRQ DQG FODVVLILFDWLRQ RI GLVFRQWLQXLWLHV
LQ WKH IORZ RQ WKH EDVLV RI FRPSXWDWLRQDO UHVXOWV REWDLQHG
E\ FRPSXWHU VLPXODWLRQ1 ,WV efficiency for flow structure
visualization is shown.
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