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Stategies basedStategies based on polygonalon polygonal curvescurves

The intersecting cones methodThe intersecting cones method (E.(E. ArgeArge & M.& M. DaehlenDaehlen))

InputsInputs A polygonalA polygonal curvecurve P = P = ( ( pp00,……,,……,ppnn ))
AA tolerancetolerance εε ≥≥ 00

A polygonalA polygonal curvecurve Q = Q = ( ( qq00,……,,……,qqmm ))
withwith m m < < nn suchsuch as as dd((P,QP,Q) ) ≤≤ εε

OutputOutput

General General 
strategystrategy

Intersection ofIntersection of conescones
originated atoriginated at ppii
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DouglasDouglas andand Peucker’s method without tolerancePeucker’s method without tolerance

Rearrange theRearrange the points of points of PPGeneral General 
strategystrategy P’ = P’ = ( ( p’p’00,……,,……,p’p’nn ))P = P = ( ( pp00,……,,……,ppnn ))
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Stategies basedStategies based onon spline curvesspline curves

General General 
strategystrategy

InputsInputs A polygonalA polygonal curvecurve P = P = ( ( pp00,……,,……,ppnn ))
AA tolerancetolerance εε ≥≥ 00
AnAn interpolatinginterpolating BB--splinespline ff on on ( ) kn

iitT +
== 0

OutputOutput AnAn approximatingapproximating BB--splinespline gg
withwith m < n and m < n and ττ ⊂⊂ TT suchsuch as as 

( ) km
ii
+
=τ=τ 0

ε≤−
*

gf

Computation ofComputation of weights weights ++ *

i
i gf −=ω

Reconstruction ofReconstruction of the approximating curvethe approximating curve++

++ SelectionSelection ofof knots to be removedknots to be removed
ttii can be removedcan be removed if if ε≤ωi

The knot removal strategyThe knot removal strategy of T.of T. LycheLyche & K.& K. MorkenMorken
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The knot removal strategyThe knot removal strategy of M.of M. EckEck & J.& J. HadenfeldHadenfeld

InputsInputs

OutputOutput

The sameThe same as in T.as in T. LycheLyche and K.and K. Morken’s strategyMorken’s strategy
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=

=
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i
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RemovalRemoval ofof knot knot ttiiGeneral General 
strategystrategy
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DataData fitting withfitting with BB--splinessplines

ProblemProblem
GivenGiven a polygonala polygonal curvecurve PP = ( = ( pp00,……,,……,ppnn ),), findfind aa curve curve 

as close as possible of as close as possible of PP( ) ( )∑
=

=
m

i
Tkii tNQtf

0
,,

LeastLeast squaressquares fittingfitting:: find controlfind control pointspoints QQjj so thatso that
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j
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ChoiceChoice of aof a parameterization methodparameterization method

uniformuniform hhii = constant= constant

cumulativecumulative chord lengthchord length iii pph −= +1

centripetalcentripetal iii pph −= +1

GeneralGeneral expressionexpression proposed by Leeproposed by Lee
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uniform withuniform with ee = 0= 0
cumulativecumulative chord length withchord length with ee = 1= 1

centripetal withcentripetal with ee = 0.5= 0.5
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ChoiceChoice of aof a knot vectorknot vector

uniformuniform constantconstant spacingspacing

fromfrom an extension of Dean extension of De BoorBoor formula for interpolationformula for interpolation
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ResultResult Best resultsBest results in approximationin approximation with with 

aa centripetalcentripetal
parameterizationparameterization

aa knot vector from theknot vector from the extensionextension
of Deof De BoorBoor formulaformula



International Conference Graphicon 1998, Moscow, Russia, http://International Conference Graphicon 1998, Moscow, Russia, http://www.graphicon.ru/www.graphicon.ru/

Equipe
MGII

A new compression methodA new compression method

Two other parameterizationsTwo other parameterizations

FoleyFoley andand Nielson’s parameterizationNielson’s parameterization :: geometrical propertiesgeometrical properties (angles)(angles)

Intrinsic Hoschek’s parameterizationIntrinsic Hoschek’s parameterization

ImprovementImprovement ofof Hoschek’s methodHoschek’s method

BestBest global approximationglobal approximation

BestBest convergenceconvergence speedspeed

Common problemCommon problem

OscillationOscillation problemproblem
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CriteriaCriteria forfor estimatingestimating data approximationdata approximation

is the fittingis the fitting BB--spline curvespline curve( ) ( )∑
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kk is the orderis the order
T T = ( = ( tt00,…,,…,ttkk--11,,ttkk,……,,……,ttmm,,ttmm+1+1,…,,…,ttmm+k +k )) is the knot vectoris the knot vector
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is the interpolatingis the interpolating BB--spline curvespline curve of initial data of initial data ppii( ) ( )∑
=

=
n

i
Tii tNRtg

0

~,2,

gg belongs to linear spacebelongs to linear space TS ~,2

orderorder = 2= 2

is the knot vectoris the knot vector( )kmmmkk ttttttT ++−= ~,...,~,~,......,~,~,...,~~
110

the same orderthe same order
degree elevationdegree elevation (H.(H. PrautzschPrautzsch))

the same knot vectorthe same knot vector
subdivisionsubdivision algorithmsalgorithms ((BoehmBoehm, Oslo,, Oslo, improvedimproved Oslo)Oslo)

ToTo use use NN∞∞ and and NN22 on on ff--gg, B, B--spline curvespline curve ff and and gg shouldshould havehave

Polygonal  Polygonal  curvecurve
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BandBand criterion criterion 
for Bfor B--splinespline approximationapproximation

g

L

ε

ε

ResultResult

BandBand criterion criterion 
for data approximationfor data approximation

( ) ε=−∞ gfN
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Local estimationLocal estimation criteriacriteria

AimAim ToTo have a have a locallocal approachapproach of approximation and estimationof approximation and estimation

++ Find the best curveFind the best curve segment [ segment [ ppi i , , ppii+1 +1 ]]
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++ UseUse the convex hullthe convex hull of Bof B--splinessplines

( ) ( )f t Q N tj j k T
j i k

i

=
= − +
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ti ti+1

++ Transform this best curveTransform this best curve segmentsegment into its into its ""BézierBézier"" representationrepresentation
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Apply the Hausdorff metricApply the Hausdorff metric onon bothboth polygonalpolygonal
curves                          curves                          and and ( )1, += ii

i ppP ( )jnbj
j QQQ ,,......1+−=

ResultResult
IfIf then the then the 
best curvebest curve segmentsegment is at the most is at the most 
atat εε distancedistance fromfrom [ [ ppi i , , ppii+1 +1 ] ] 

( ) ε== ji
H QPd ,

NOT ENOUGHNOT ENOUGH
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ReductionReduction techniquetechnique

General General 
strategystrategy Best choicesBest choices

Uniform knot vectorUniform knot vector
Intrinsic Hoschek’s parameterization applied Intrinsic Hoschek’s parameterization applied 
toto aa centripetal onecentripetal one

PrinciplePrinciple
A bissectionA bissection methodmethod onon the numberthe number ofof
controlcontrol pointspoints
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Results comparisonResults comparison
on compression rateon compression rate

ResultsResults

Method Knots Strategy Compression
Arge Daehlen 68 %

Douglas Peucker 56 %
Lyche Morken 13 %

De Boor Eck Hadenfeld 51 %
B-spline Fitting (e=0.5) 22 %

Fittting (Hoschek e=0.5) 61 %
Fitting (e=0.5) 49 %

Polygonal

 Uniform

InitialInitial isobathymetric lineisobathymetric line

Tolerance so thatTolerance so that nono visual differencevisual difference
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ResultsResults

Method Knots Strategy Compression
(Smooth curves)

Compression
(Complex curves)

Arge Daehlen 74 % 61 %
Douglas Peucker 65 % 51 %
Lyche Morken 24 % 5 %

De Boor Eck Hadenfeld 58 % 38 %
B-spline Fitting (e=0.5) 34 % 11 %

Fittting (Hoschek e=0.5) 68 % 49 %
Fitting (e=0.5) 59 % 40 %

Polygonal

  Uniform

Initial Initial 
smooth linesmooth line InitialInitial

complex linecomplex line
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ResultsResults

Method Knots Strategy Computation time
(Smooth curves)

Computation time
(Complex curves)

Arge Daehlen 0.1 ’’ 2 ’’
Douglas Peucker 0.4 ’’ 3 ’’
Lyche Morken 47’ 08’’ 1h 22’’

De Boor Eck Hadenfeld 40’ 31’’ 59’ 21’’
B-spline Fitting (e=0.5) 1’ 27’’ 3’ 27’’

Fittting (Hoschek e=0.5) 9’ 33’’ 13’ 24’’
Fitting (e=0.5) 1’ 52’’ 4’ 45’’

Polygonal

  Uniform

Results comparisonResults comparison
on computation timeon computation time
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UsefulUseful inin embarked embarked 
cartographiccartographic informationinformation systemssystems

 

 

Advantage whenAdvantage when
zoomingzooming inin
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ConclusionConclusion

WeWe havehave buildbuild
NormsNorms NN∞∞ and and NN22

Local estimationLocal estimation criteriacriteria

WeWe havehave improvedimproved
Hoschek’sHoschek’s techniquetechnique

Which has allowedWhich has allowed usus to to introduceintroduce

Good reductionGood reduction ratesrates
RaisonableRaisonable computationcomputation costscosts

AA new reduction strategynew reduction strategy
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